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Every rings in these article will be commutative... Though I’'m not quite sure for GL,,(A).
The following theorem classify finitely generated modules on a principal ideal domain.

Theoreme 0.1 (Finitely generated modules over a PID). Let A be a PID and M a finitely generated module. There
exists s € N and dy|ds]...|ds non invertible elements of A such that M ~ A/(dy) x ... x A/(ds).
Moreover s and the d; are unique (up to association,).

Thus on a PID, any module can be decomposed into a free part A% and a torsion part A/a; A x - -- x A/a, A with
the a,, # 0.

What if A is not a PID ? For example, if A = Z[iv/5] and M is the idal (2,1 + iy/5), since M is not principal,
it’s not free, but it is torsion free. That’s why we introduce the notion of projective module which allows us to treat
the case of some usual torsion free modules.

1 Projective modules
This first section is mainly inspired from [2].

Definition 1.1 (Projective modules). A A-module P is projective if it satisfies one of the following equivalent
conditions :

1. There exists a A-module Q such that P & Q is free.

2. For every A-modules M and N, every surjective morphism s : M — N and every morphism g : P — N, there
is @ morphism f: P — M such that g=so f.
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3. Any exact sequence of the form 0 — M — N — P — 0 splits.

Proof. 1=2. We extend g to §: P® Q — N by g(v,y) = g(z). As P @ Q is free, we can take a basis (e;);cr and
define f : P® Q — M by f(e;) = y; where the y; satisfy s(y;) = g(e;). We then define f as the restriction of
f to P.

2=3. Let s be the morphism from N to P. Taking g = Id in 2, we get a section f : sof = Id so we have N ~ P@ M.



3=1. Let N the free R-module of basis (e;)zecp and s the surjection from N to P characterized by Vo € P, s(e;) = .
The exact sequence 0 — Ker(s) = N — P — 0 splits and gives P ¢ Ker(s) = N.
O

We can prove the following in the same way than the previous demonstration.

Proposition 1.2. An A-module P is a finitely generated projective module if and only if there is an A-module Q
and an integer n € N such that P ® Q ~ A™.

Let’s give some examples and counterexamples : Donnons enfin quelques exemples de modules projectifs :
e Any sum / tensor product of projective modules is projective.

e Since on a PID, a submodule of a finitely generated free module is free. Thus every finitely generated projective
module is free. Since fields are PID, it’s also the case for fields.

e If A is integral, and I is an invertible fractionnal ideal of A, it is projective. Indeed, if IJ = A, there exists
I— A™

T1,-.s @y € 1, and yy,.. yn € J such that 1 = ziyy + ... + 2pyn. Let define u : {z (TYs ) and
A" = T ' . o ' .
v . Then v o u = id;. This shows that I is isomorphic to a direct factor of
(a1, .. apn) = a1y + .+ GpTy

A",
In particular, any ideal of a Dedekind ring is projective. So it’s the case of the example of the introduction.

e We will latter see than the converse of the last point is true : ideals that are projective are invertible. Then,
since (2, X) isn’t an invertible ideal of Z[X], it’s not projective. More generally it’s the case of any non principal
ideal on an UFD.

The following example will allow us to study projective modules locally.
Proposition 1.3. A finitely generated projective module on a local ring is free.

Proof. Let m be the unique maximal ideal of A and let P & @ ~ A™. Quotienting by m, we obtain P/mP @
Q/mQ ~ (A/m)". As A/m is a Field, we have P/mP ~ (A/m)” and Q/mQ ~ (A/m)* with n = r + s. We can
choose a basis (f;)1<i<n Of (A/m)™ such that the r first vectors give a basis of P/mP and the last ones a basis of
Q/mQ. Let’s take (ef,..,e,.) € P" and (e} ,,..,€},) € Q° such that €] reduces to f; mod >. Let B = (e;)i<i<n
be the canonic basis of A™ and B’ = (€})1<i<n. Let M = Matg(B’). The reduction n(M) of M modulo m is
Matgn (fi,..., fn). As (fi)i<i<n = m(B’) is a basis of (A/m)", we have (M) € GL,(A/m) so det(n(M)) # 0 and
then det(M) € A\m = A*.Thus M € GL,(A) and (e;)1<i<n is a basis of A™ and finally (e;)1<i<, is a basis of P. [

Definition 1.4 (Rank of a projective module). Let P be a finitely generated projective module and p € Spec(A).
Then the module Py, is free and finitely generated and it’s rank is called the rank of P and is noted rk,(P).

Projective modules do not necessarily have the same rank at each prime. For example, if we take to fields K3
and K5 and consider the ring A = K; x K5 and the A module K7, then it has rank 1 at {0} x K; but rank 0 at
K5 x {0}. We will prove later that A being a product of ring is the only type of obstruction that can happen when
A is noetherian.

The following property shows that the notion of rank can be usefull :

Proposition 1.5. Take P, Q two finitely generated projective A-modules and ¢ : P — Q. Then ¢ is an isomorphism
if and only if ¢ is surjective and P and Q have the same rank (Vp € Spec(A),rk,(P) = rk,(Q)).

Proof. The "only if" part is clear. Let prove the "if" part. As @Q is projective and f surjective, we have P ~
Ker(f) @ Q. Localizing at p, we get P, ~ Ker(f), ® Qp. So A;k”(P) ® A;k’“(Ker(f)) ~ A;k”(Q). By hypothesis on
the ranks, we thus have rk,(Ker(f)) = 0. Thus Ker(f), =0 for all p so Ker(f) =0 and f is injective. O

The map rk_(P) is an application from pec(A) to N, thus we have to check it’s behavior with regard to Zariski’s
topology.

Spec(A) =+ N

Do Tkzp (P) 18 continuous.

Proposition 1.6. Let P be a finitely generated projective A-module. Then, the map {

It’s a consequence of the following lemma :

Lemma 1.7. Take p € Spec(A), P a finitely generated projective A-module and let n = rk,(P). There exists s € A\p
such that P[] ~ A[1]". Thus, for every p’ € Spec(A) not containing s, Py ~ A



Proof. We have an isomorphism f : A} — P, and the images of elements of the canonic basis (e;)1<i<n can be
A" - P

2 rf(z) By localizing at p, we get § = rf which is an

written 7 with the x; € P and r € A\p. We define g : {

isomorphism since r € A;'.

Thus, the localization of Coker(g) = P/g(A™) at p is trivial and since Coker(g) is finitely generated there exists
t; € S such that t;Coker(g) = {0}. Thus g : A[%]" — P[%] is surjective.

As P[%] is projective and finitely generated, we have P[%] @ Ker(g) ~ A[%]" Localizing at p, we get Ay @
Ker(g)p =~ P, ® Ker(g)p, =~ Ay, so Ker(g), = {0}. As Ker(g) is finitely generated, there exists ¢, € S such that
toKer(g) = {0}. Localizing a last time, we get A[i]" — P[i] So we can take s = tts.

Let p’ € Spec(A) non containing s. Localizing A[1]" ~ P[1] at p’, we get AY =~ Py O

As we have seen before, the rank of a projective module isn’t necessarily the same at each prime. However, the
fact that the rank is continuous and that Spec(A) is connected if A is integral imply the following property.

Corollary 1.8. FEvery finitely projective module on an integral domain is of constant rank.

It would be easier to play uniquely with modules of constant rank. We will show that understanding this kind of
modules is enough if A is noetherian. It is based on the following theorem

Theoreme 1.9. Let A be a noetherian ring. Then, there exists n € N and A1, ..., A,, noetherian rings with connected
spectra such that

Proof. As A is noetherian, Spec(A) is the disjoint union of a finite number of irreducible components and since
irreducible spaces are connected, we can write Spec(A) as a disjoint finite union of clopen sets. By induction, we
only need to prove that if Spec(A) = ULV with U, V clopen then A = Ay x Ay with Spec(A;) ~ U and Spec(A;) ~ V.

We begin by proving it when A is reduced. We have Z(U) + Z(V) = A. Indeed, if we had Z(U) + Z(V) C m
for m maximal we would have F(m) C F(Z(U) + Z(V)) = F(ZU)) N FZ(V)) = UNV = 0. Moreover,
ZO)NZ(V) =Z(UUV) = Z(A) = 1/(0) = 0 since A is reduced. By the chinese reminder theorem, we get
A~ A/I(U) x A/Z(V). Finally, Spec(A/Z(U)) ~ F(Z(U)) = U because of the correspondence between the ideals
of Aand A/I.

If A isn’t reduced, we apply what we just did to A/,/(0). Indeed Spec(A/+/(0)) ~ Spec(A) = UUV so we
write A/1/(0) = By x By with Spec(B;) ~ U and Spec(Bz) ~ V. Thus there is a idempotent element ¢’ = (1,0) €
By x By € A/+/(0). We can then take an idempotent e € A such that ¢’ = e mod /(0) (exercise) and it leads to
a decomposition A = A; x Ay reducing to A/,/(0) = By x By mod 1/(0) so that Spec(A;) = Spec(B;) = U and
Spec(Az) =V. O

We will later prove that it allows us to reduce the study of finitely generated projective modules to the modules
of constant rank. But to have a good formulation of this fact, we need to introduce a new objet : the functor Kj.

2 Grothendieck’s group

We first need the notion of completion of a commutative monoid.

Definition 2.1 (Completion of a commutative monoid). Let M be a commutative monoid. A completion of M is
given by a pair (M*, ) where M* is an abelian group and w: M — M* is a morphism of monoid that satisfy the
following universal property :

For any abelian group G and any morphism f : M — G, there exists a unique morphism f : M* — G such that

f=TFor

commutes.

Using the universal property, a completion is unique up to isomorphism. To prove that such an object exist,
we can check that M* := M?/ ~ does the work where ~ is defined by (z1,y1) ~ (w2,92) if and only if 3z €
M,z+z1+y2 =2+ 22+ Y1.



Looking at M?/ ~, it becomes clear that 7(M) generate M* (as a group) and that 7(z) = 7(y) if and only if
there exists z € M such that x +y =2+ y.

We’re know able to define K. For a ring A and (Proj(A),®) will be the monoid of finitely generated projective
modules up to isomorphism.

Definition 2.2. Le A be a commutative ring. It’s Grothendieck’s group is Ko(A) = Proj(A)*.

For example, if A is a field, a PID or a local ring, Ko(A) ~ N* = Z since finitely generated modules on these
rings are free and thus totally classified by their rank.

To modules M, N € Proj(A) have the same image in A if and only if there exists P € Proj(A) such that
M@ P =N&P. If we take Q € Proj(A) such that P®Q ~ A™, it corresponds to M & A™ = N & A™. This motivate
the following definition :

Definition 2.3. Two A-modules M, N are said to be stably isomorphic if there exists n € N such that M & A™ ~
N @ A",

We will see that stably isomorphic modules on Dedekind domain are isomorphic.
The following theorem that we will nether use nor prove (see [4]) allows to partially treat the notion of stably
isomorphic modules.

Theoreme 2.4 (Bass). Let A be a noetherian ring of Krull dimension d and P, M, N € Proj(A). If N is of constant
rank and rk(M) >d and M & Q ~ N @ Q then M ~ N.

Finally, any rank 1 stably isomorphic modules are isomorphic (we will show it later). Combined with Bass
theorem, it shows that for Dedekind ring, stably isomorphic means isomorphic. We'll prove it later, independently
from Bass theorem.

If f: A— B is a ring morphism we can see B as an A module thanks to f. Let M be a finitely generated
projective A-module, we can then consider the finitely generated projective B-module B ® 4 M. These gives a map
from Proj(A) — Proj(B) that we can factorize into f* : Ko(A) — Ko(B). This makes Ky into a functor from the
category of ring to the category of abelian groups.

For any ring A, the morphism ¢ : Z — A induces i* : Ky(Z) — Ko(A) which sends Z™ to A™. If Spec(A)
is connected (in particular if A is an integral domain) elements of Proj(A) have constant rank and we can define

[ Proj(A) = Z
f { P — rk(P)
sequence 0 — Ker(f*) — Ko(A) - Z — 0 and * is a section. So Ko(A) ~ Z x Ker(f).

We can know complete what we have already said about modules of non constant rank and product of ring.

extending to f* : Ko(A) — Z which is clearly surjective. As Ky(Z) ~ Z we have the exact

Proposition 2.5. If A= A; x ... X A is a product of rings Ko(A) ~ Ko(A1) X ... x Ko(As) the isomorphism being
gien by 7 : P — (7] 14(P), ..., m5(P)) where m; is the canonic projection from A to A;.

ProjTFEFs — ProjTFa, X ... X ProjTFy,
P (75(P),...,m5(P))
Surjectivity: We consider A;-modules M; for i € {1,s}. Then M = M; x ... x M is an A; X ... X As-module for
the law (a1, ..., as).(m1, ..., ms) = (a1ma, ..., asms). We then have 7} (M) ~ nf (M) X ... x 7} (M;). However as the
action of A; on My, is trivial for k # ¢ we have m;(My) = 0 for k # 4. Since we also have A; @4, x..xa, M; ~ M;
because the action of 4; on M; is the same than the action of {0} x ... x A; x ... x {0} on M;. Thus 7} (M;) = M,.

Then 7} (M) = M; and finally 7#(M) = (My, ..., My).

Injectivity : We just need to check that P ~ 7§ (P) x ... x 7% (P) as A-modules. We consider ¢ : z — (77 (x), ..., 75 (x)).
This morphism is surjective : indeed, we just need to check that elements of the form (a1 ® z1, ..., an, ® x) are in the
image of 7* and this is since they come from (aq,0,...,0)x; + ...+ (0, ..., 0, as)xs. Moreover, each p € Spec(A) can be
written Ay X ... x A;_1 Xp; Xx A;j11 X... x A, for some ¢ and some prime p; of A;. We have A, = {0} x... x 4,, x...x {0}
thus

Proof. We just need to show that 7* : is a morphism of monoid.

rky (17 (P) X ... x 3 (P)) = rk(Ap @4 7 (P)) + ... + rk(Ay, ®a 75 (P))
E(({0} x ... x Ay, x ... x {0}) @4 7 (P)) + ... +7k(({0} x ... x Ay, X ... x {0}) ®a 7 (P))
=71k(0) + ... + rk(0) + rk(({0} x ... x Ap, x ... x {0}) @4 7} (P)) + rk(0) + ... + rk(0)

=rky(P)

r
r

where f = p; om; with p; the canonic morphism from A; dans A, = {0} x ... x A,, x ... x {0}. As f is the
inclusion A — A, we have rkf(P) = rky(P). Thus, P and m3(P) X ... X mg4(P) have the same rank and ¢ is an
isomorphism. O

For example, we have Ky(A™) ~ Ky(A)™.



3 Picard’s group

The following section is mainly taken from [2]. We won’t prove or use the following theorem (see [4]), but it will help
to understand why we’re doing what we’re doing.

Theoreme 3.1 (Serre). Le A be a noetherian ring of Krull dimension d. Let M € Proj(A) of constant rank r > d.
Then there exists a projective module N of constant rank lower or equal to d such that M ~ N & A™ for some n.

Particularly, for Dededekind domain, it allows us to only consider modules of constant rank 1.
Lemma 3.2. Let P € Proj(A), then P* = Homa(P, A) € Proj(A) and ¥p € Spec(A), rk,(P) = rky(P*).

Proof. T P®Q ~ A™ then A" ~ Hom (A, A)" ~ Homa (A", A) ~ Homa(P®Q, A) ~ Hom (P, A) @ Homx(Q, A)
so P* is finitely generated and projective.

Ifp € Spec(A), we have (P*), = (Homa(P, A)), ~ Homa,(P,, Ay) ~ Homa, (A;k”(P),Ap) ~ Homa, (Ap, Ap)"Fe () ~
A;kP(P) the first localization not being as trivial as it seems (it’s only true because projective modules are finitely
presented). Therefore rk,(P) = rk,(P*) O

It allows us to define the Picard’s group of a ring.

Definition 3.3 (Picard’s Group). The set of finitely generated projective A-modules of rank 1 (up to isomorphism)
is a group for the tensor product. It’s called the Picard’s group and we write Pic(A).

Proof. Neutral element and product stability are easy to check. For inverse, we need to show that L ® L* = A (L
being in Pic(A) by the precedent lemma). We consider the morphism characterized by ¢ : f ® m — f(m). For all
Ly ®a, Ly — Ay
fe@m— f(m)
isomorphism. Thus ¢ is an isomorphism. O

p € Spec(A), we have (L* @4 L)y =~ (L ®a, Ly) allow us to see ¢, as { . Since Ly, ~ A, ¢y is an

Let A be an integral domain. A fractional ideal I of A is a sub-A-module of K such that there exists a € K*
such that af is an ideal of A. We extend the definition of the product of ideals to fractional ideals giving a structure
of monoid to the set of fractional ideal.

Definition 3.4 (Cartier’s Group). The group of invertible fractional ideals of A is called Cartier’s Group of A and
we write Cart(A).

The subset of principal fractional ideals (i.e. of the form aA with a € K*) is noted P(A).
Proposition 3.5. We have Cart(A)/P(A) ~ Pic(A).

Proof. Let I € Cart(A). We have allready shown that it is projective. Since A is an integral domain, I is of constant
rank and localizing at (0), we have rk(I) = dimg (I ®4 K) = dimg (K) = 1.
Thus, we have a natural map from Cart(A) to Pic(A). We need to check it is a morphism : it should satisfy
IxJ—=1J
VI,J € Cart(A),IJ ~ I ®4 J. The map {(Jc,y) s oy
surjective by definition of I.J. Since I ® 4 J and IJ are projective of rank 1, it’s an isomorphism.

For the injectivity, if I € Cart(A) is such that I ~ A as an A-module, we can take an isomorphism ¢ : A — I
and we have I = ¢(1)A so I € P(A).

Finally, for the surjectivity, we need to show that every L € Pic(A) is isomorphic to an element of Cart(A). As
rk(L) = 1,we have L®4 K ~ K. As a projective module is flat, the injection A C K gives an injection from L ®4 A
to L®4 K and thus an injection from L to K so we get a fractional ideal of A isomorphic to L that we note I. Doing
the same thing with L*, there is a fractional ideal J such that L* ~ J. We then have IJ ~ I ®4J >~ L ®4 L* ~ A
so I € Cart(A). O

is bilinear so we get a linear map I ® 4 J — IJwhich is

You can check that the proof also shows that any projective fractional ideal of A is invertible.

4 Finitely generated modules on a Dedekind domain

In this section, we will classify finitely generated modules on Dedekind domain. We will proceed in free steps :
e Prove that stably isomorphic means isomorphic for Dedekind domains.
e Prove that Ky(A) ~ Z&CIl(A) where Cl(A) = Cart(A)/P(A).

e Show that any modules decompose into the sum of a projective module and a torsion module.



e Show that torsion modules are direct sum of quotient of A.
The following propositions come from [1].

Proposition 4.1. Let A be a Dedekind domain and P a finitely generated projective A-module. There exists ideals
Ii,...,I, of Asuchthat P~1, &...®I,.

Proof. Let P @® Q = A™. Projection on the last coordinate gives a map 7 : P — A with ker(¢) C A"~ L. ¢(P) = I,
is an ideal of A which is Dedekind, so it is invertible hence projective. Thus P ~ Ker(¢) @ I, with Ker(¢) C A1
being projective. We complete the proof by induction. O

Proposition 4.2. Let A be an integral domain. If two directs sums of non zeros ideals Iy ®---® L. and J;1 P ... D J;
are isomorphic then s =r and Iy --- I, and Jis are in the same ideal class. If A is Dedekind, the converse is true.

Adjoined with the precedent proposition, it shows in particular that stably isomorphic A-modules are isomorphic.

Proof. It ¢ : I — J is an morphism, there exists a unique a € K such that Vz € I, ¢(x) = ax. Indeed, for all a,z € I,

zp(a) = ¢p(ax) = ap(x) soVr € I, ¢(z) = ¢( 2(a) . Thus, an isomorphism Iy & --® I, ~ J; @...®J, is characterized by
an 7 X s matrice M = (a;;) such that (;S(al, ceap) = (bl7 ..., bs) where b; = Z gija;. If as (b is an isomorphism, M is
invertible so r = s. We will know prove that det(Q)Il <o I =Jy - Js. If we have a; € T;, det(Q)aq - - - a, = det(M)
where M = Q x diag(ay,--- ,a,) whose coefficients of the i*" row are in .J; so det(Q)I,---I, C Jy---Js. We then
prove the converse reasoning on Q~'.

To prove the converse when A is a Dedekind domain, we clearly just need the following lemma. O

Lemma 4.3. if A is a Dedekind domain then Iy & Is ~ A @ I1 15 where 1115 are integral ideals.

Proof. The kernel of the surjective map I; & I — A such that (a1,a2) — a1 + ag is isomorphic to I; N I5. Thus
I d I, ~ A® I1Ny. If I} and I are coprime, this concludes. Else, we just need to replace I; by an integral ideal in
the same class than I; and prime to Is. Choose a € I} and write aA = I J. J/JI is an ideal of A/JI; so is of the
form xA/JIy and J = JI5 + 2 A. Multiplying by I; and dividing by a, we have A = I + ZI; proving that such an
ideal exists. O

Proposition 4.4. If A is a Dedekind domain, then Ko(A) ~ (Z) x Cl(A).

Proof. The two last proposition show that we have a natural morphism of monoid Proj(A4) — Z&® CI(A) which maps
M to (rk(M),I---I,) where M = I, @ --- @ I,,. We can factor it into a morphism Ky(A) — Z @ CI(A). The fact
that it is an isomorphism is pretty straightforward. O

We know treat the more general case of finitely generated modules on Dedekind rings. We will need the following
proposition that we won’t prove here (see [4]).

Proposition 4.5. Let A be any commutative ring. An A-module is projective and finitely generated if and only if it
is locally free and finitely presented.

The following proposition are taken from [3].

Proposition 4.6. Let A be a Dedekind domain. Then a finitely generated module on A is projective if and only if
it is torsion free.

Proof. A finitely generated module on a noetherian ring ring is finitely presented so we just need to check that
for allp € Spec(A), M, is free. As A is Dedekind, A,, thus M, is free if and only if it is torsion free. Since
(My)ters = (M?'rs),, it it the case. O

Proposition 4.7. Let M be a finitely generated module on a Dedekind domain. Then M ~ M @& P where P is
finitly generated and projective and M is the torsion of M.

Proof. We have the exact sequence 0 — M%7 — M — M/M“’TS — 0 which splits since M /M;,,s has no torsion so
is projective. O

Proposition 4.8. Le A be a Dedekind domain and M a finitely generated A-module then M ~ @  (M,)'"s.
pESPM(A)

Proof. As M is finitely generated and A noetherien, M*" C M is finitely generated. If my, ..., m,, generates Mors

and ay,...,a, € N are non zero and such that Vi € [|1,n|],a;m; = 0. Then for I = (a;...a,), we have IM"" = {0}.

We can write p = H pi" so that for all p € SpM(A) not being a p;, I and p are prime. Take t € I'\p, we have
tMtrs = {0} thus (Mt"”) = {0}.
So we can define a morphism from M to @  (M,)""*. As it is an isomorphism after localizing at every

peSpM(A)
p € SpM(A), it’s an isomorphism. O



From the classification of modules on PID, we deduce :

Corollary 4.9. Let A be a Dedekind domain and M a finitely generated A-module, there exists unique ideals I; C
.. C I, of A such that
Miors ~A/L1 ® ... A/L,

And putting everything together :

Theoreme 4.10 (Finitely generated modules on a Dedekind domain). Let A a Dedekind ring and M a finitely
generated A-module. Then, there exists a unique r € N, a unique ideal class [I] (such that [I] = [A] if r = 0) and
unique proper ideals Iy C ... C I, of A such that :

M~A"oloA/Lo.. oA/l

With the convention A~! & A = {0}.
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