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Chapter 1

Spectral sequences

Let R be a ring.
Classically, we define (Cy,d) as a graded chain complex over R and (C*,d) as a graded
cochain complex over R. We define H, (Cy) = kerd;/Imd;,; and H*(C*) = kerd'/Im d*~*.

We will use this notation henceforth.

Definizione 1.0.1. A filtration on an R-module A is a family of submodules defined in one

of the following ways:
o ...Cc FPtlAc FPAc ... called a decreasing family;
o .-CF, jAc F,Ac ... called an increasing family.
Definizione 1.0.2. A complex (Cy,d) is called a filtered complez if it is a filtered R-module,
FiC, = @Fle and d(F;Cy) < F;Cy.
J
Esempio 1.0.1. For A = Z, we can define F*A = 2'Z for every i > 0 and Z for i < 0.

Definizione 1.0.3. Given a filtered R-module (A, F'), we define its associated graded module
as
EB(A) = FPA/FPHIA if F' is decreasing;

Eg(A) = F,A/F,_ 1A if F'is increasing.

We observe that in general, even if F' is a bounded filtration, i.e., eventually 0 and A in
the right direction, the module EJ(A) does not determine A (extension problem).
Esempio 1.0.2. Given a CW-complex X and its skeleton X (), we can endow the complex
of its singular (or cellular) chains Cy(X) with a filtered module structure by defining

F,Cy = Cy (X)) [increasing filtration]
and for C* = Hom(C,(X), R) we consider

FPC* = {¢p € C*| F,_1Cy < ker ¢} = Ann(F,_1Cx < Cy) [decreasing filtration]



For the two cases, we obtain
Ey(Cy) = FyCx/Fp1Cy = Ci (X P x (P=1))

and
EP(Cy) = Ann(F,_1Cy)/Ann(F,Cy) = C*(X®) x P~

Esempio 1.0.3. Let f: Dy, — C, be a map of chain complexes and let F}, be an increasing
filtration on Cy. Then it is possible to define an increasing filtration G, on Dy as GpDy: =

FHECy).

We observe that if (C, d) is a chain complex with an increasing filtration F', then H, (Cy)
is also a filtered module:

FpoH(Cy): =Im(Hy(F,Cy) » Hy(Cy)) [increasing filtration]
while if (C*,d) is a filtered cochain complex, then H*(C*) is also one by
FPH*(C*): =ker{H*(C*) — H*(FP~'C*)}
and this filtration is decreasing.

Definizione 1.0.4. An R-module is called bigraded if it is a sum of modules with de-
grees defined by a pair of integers (s,t). Such a module is called differential if it has maps
d: E — E such that d> = 0 of bidegree (—r,r — 1) or (r,1 — r) with cohomological indices.

We show on the left examples of maps dy, dq,d> and on the right d°, d*, d2.

° d()
o(d\2d Id~1>o )
o<—ol \d’o

If we define

K': = ( P ESvt,d>
s+t=1

we obtain a cochain complex (and similarly for chains).
We set

Hp,q(E*,*v d): =ker{d: Epq— p*r,quTfl}/Im{d tEpirg—rt1 — Ep,q}

and similarly for cohomology.



Definizione 1.0.5. A spectral sequence is a collection of bigraded differential R-modules
{ET .,d"}, with r > k with d" of bidegree (r,1 — r) such that

P,
E}tY = Hy (E",d").
An important observation is that (E,,d,) determines F, 1 but not d,;; (we omit the
bidegree).

Definizione 1.0.6 (Limit of a spectral sequence). Setting E;+; = Z;/B; and d;11 : Z;/B; —
Z;/B; we can identify Z;,1 as a quotient of a submodule of Z; and similarly for B; (with
reversed order).

We can set By,: =B, Zy = () Z; and define as the limit of the spectral sequence

Ey = Zs/Bop.

Definizione 1.0.7 (Convergence of a spectral sequence). A spectral sequence (E?9,d,) is
said to converge to H* if there exists a decreasing filtration F' on H* such that EL? =~
ER(HP+).

Under suitable hypotheses (for example E5'? # 0 only for p,q > 0) the differentials d,
are eventually zero for fixed p,q and therefore a spectral sequence converges in a stronger

sense: we will say that it stabilizes.
Definizione 1.0.8. We say that (E,,d,) collapses at page Ey if d, =0Vr > N.
Let F' be an increasing filtration on a graded R-module A.

Definizione 1.0.9. We will say that F' is a convergent filtration if
| JpA=4[FA=0
7 s

Definizione 1.0.10. We will say that F' is a filtration
e bounded below if ¥ ¢ 3 s(t) such that FyA; = 0;

e bounded above if ¥V ¢ 3 s'(t) such that Fy ) A; = Ay

Teorema 1.0.4. A graded filtered chain complex (A,d, F') determines a spectral sequence
{EL;,d"}r>1 such that El, = Hey(FsA/Fs_1A) and where d' is the boundary operator
(connecting homomorphism) of the triple (FsA, Fs_1 A, Fs_5A).

If F' is convergent and bounded below and above then the spectral sequence stabilizes.

The limit EX, is isomorphic to FyHpyq(A)/Fp_1Hpiq(A).

p,q

An analogous statement holds for cochain complexes, determining a cohomology spectral

sequence.

Proof. We omit the homological degree.
We set
7! ={ce F;A|dce F,;_,. A}

ZF ={ce F;A|dc =0}



B} = Z;/(Z;7) +dZ}7, )
E® = ZP/(Z% | + dA ~ F,A)

and we observe that d : ZT — Z7__ of bidegree (—r,r — 1) induces d".
In particular
EY=F,A/F, 1A

d’: F,A/F,_1A — F,A/F, 1A is induced by d on the quotient
Ej = Z/(Z)_, +dZ))

furthermore Z!/Z9 are cycles of FyA/F,_1A while (Z°_; + dZ9)/Z%_, are boundaries of
F,A/F,_1A. Putting everything together

By, =~ Hy(F,A/F,_1A)

and the isomorphism is induced by Z!, — F,A. The differential is instead induced by the
boundary map.

0
0 FsAs+t/Fs—2As+t — FsAs+t/Fs—1As+t
| |
Fo 1At 1/Fs 2Aspi 1 —— FAgy1/Fs 2Agii 1
Zs4

/ |

ker(d": El — E._,)
={ceZ]|dce Z;Z; \ +dZ21}(Z02] + A2 ) =

= (27" + Z'~])/(same denominator).

1
Zs—l,t

We now prove that H,(E") = E"+1L.

Furthermore
Im(d" : B, — E}) = (dZ],, + Z_1)/(Z{_} + dZ} ).

We obtain
kerd/Imd" = (Z0*' + Z2)/(dZL,, + Z12)) = B+

which is what we wanted.

It remains to investigate the limit of the spectral sequence.

El = ZI)(dZ17) + Z171) = (20 + Femr A)/(Fer A+ dZ1 ) ).



Calculating the limit

Er =(\(Z + P A) | J(FenA+dz5) ) = 20/ (28, + dA n FA) .

S
T T

Since the filtration is bounded, we have that Vs, 3r : B, = E;"(ts’t).
FsHg+(A) = Im[Hs 4 (FsA) — Hgy1(A)] and therefore FsHy(A) = ZL/(dA n FsA) and
furthermore

FuH(A)/Foy Hy(A) = E.

1.1 Examples of applications of spectral sequences

Proposizione 1.1.1. Let X be a CW complex, then H{(X) = Hy(X), i.e., cellular and

singular homology coincide.

Proof. Let Cy(X) be the complex of singular chains on X. Consider the filtration F,Cy(X) =
Cy(XP).

Let us look at EJ, = Cpiq(X®)/Cpig(X®~V) and therefore E} | = H,,(X®, X @-1)
which is equal to C5"(X) if ¢ = 0 and zero otherwise.

By definition of cellular chains we have that the boundary map 0 : Cge”(X ) — Cce”( )
is the boundary map of the triple (X(p),X(p_l),X(p_Q)) coming from the snake lemma
0 Hy(X®) X®=Dy — g, (X1 X #=2) and coincides with the differential d* of E .
It follows that E? = H:!'(X) for ¢ = 0 and zero otherwise.

It holds that E? = E® which is equal to Hy(X) by the previous theorem. O

Proposizione 1.1.2. Let (Cy,d), (Cl,d’) be chain complexes over the field K. It holds that
Hy(CRC') = [Hy(Cy) ® Hi(C')]a-

Proof. Consider the complex Dy = C, ®C}, with D), = @ C;®C} and on it the filtration
i+j=p

F(C®C), =PC;oC,_,.

i<p

Then the following hold
E),=C,®C

d’ = (—1)Pldc ®d
E),=C,®H,(C)
dt=d®Id
E; = Hy(C)® Hy(C")
P =0=d" forn>2.

The spectral sequence then stabilizes at E? and Hy(C ®C') = @ H,(C)® H,(C") by

ptg=d



the theorem.
This is the thesis. O

1.2 Cech-de Rham Isomorphism

Let X be a topological space and U a cover of it.

Definizione 1.2.1. For U, ,U; their intersection and

00 119

define the Cech complex for (X,U):

Ui, € U we denote by U,

0581504450k

locally constant functions

—_—

o 0% :Cf(X) — CET! defined by
+
k
(a 107 ik Z ..... k1

Clearly 0% = 0 and consequently we define
Definizione 1.2.2. H*(X,U): = H*(C}:,0) is the Cech cohomology.
Now we introduce the de Rham complex.

Definizione 1.2.3. For M being a C* n-manifold we denote by Q¥(M) the space of C®
differential k-forms on M. Locally f e QF(M) is written as

f=>] fr(z)da’

=k
with dz! = dz’ A -+ A dz**. The boundary map acts locally as
N0
g (77 ) da? A dx!
and satisfies d? ~ 0. We then call (Q*(M),d) the de Rham complex associated to M and

Hip(M): = H*(Q*(M),d) de Rham cohomology of M.

Proposizione 1.2.1 (Poincaré Lemma). If A © R™ is a contractible open set then Hlp(A) =
R and Hip(A) =0 fori >0, i.e., every closed form is exact.

Definizione 1.2.4. A cover U is called a good cover if all finite intersections of open sets

of U are contractible.

Proposizione 1.2.2. Let U be a good cover of M (paracompact C* n-manifold). Then

H*(M,U) ~ Hi(M).



Proof. Consider the Cech-de Rham double complex

crt: = ] QUU...q,) D =0+ (-1)Pd

1o+ <ip
and consider two different filtrations of (C*,d) with C" =@, ,_,, CP'"

o FPC™ = @ C“"~%. We observe the spectral sequence Ef'? = CP7 and dy = (—1)Pd.
1=p
We derive EY'? = [[HY(Uj,,...;,) which is trivial for ¢ > 0 since the cover con-
sists of open sets with contractible finite intersections. In particular, only the terms
HO(U,...i,) = C(Ui,....i, ,R) survive.
The sequence stabilizes at By = E, from which H*(C*,d) = H*(M,U) follows.

o if instead we filter with
FPO™ = (_Dcnfi,i
1=p
and define Ej? = C?%, dy = 0 (the Cech differential of [[Q9(Uy,,....;,)) we can use
the following fact (proved subsequently):

Proposizione 1.2.3. There is a chain homotopy k : [ [Q*(Us,,...i,) = [ [*(Uig,....ip—1)
between the identity and the zero map in degree p > 0.

It follows that in the spectral sequence, at page 1 only E{"? for p = 0 survives, given
by ker ¢ (global forms).

Q2(M) = B3t = Hjp(M)
if p=0, zero otherwise. The spectral
Ql( M) . sequence therefore stabilizes at Fo =
E, and consequently H*(C* d) ~
QM) ... Hp(M).
0

We prove Proposition [1.2.3
Proof. Let {p;} be a partition of unity associated to U. Setting
(kw)io,...,z'p_l L= Zpiwi,io,...,ip_l
i
one verifies that
(Okw)ig,....i, = Z(—l)jpiwi7i07

and
(kaw)i()v“'vip = Wig,..yip + Z(fl)wrlpiwi io,

320550500 0p



therefore 0k + k0 = Id and thus k is a chain homotopy as desired. O

1.3 Pairs and spectral sequences

Consider the filtration ¢ < Xy < X; associated to the pair (X,Y) with X = X; and
Xo =Y. This is a filtration with only two terms and analogously to what has already been

done we obtain:

Hy(Y)ifp=0

By = Hpig(Xp, X)) =
pa P Hy(X,Y)if p = 1.

We observe page 1.

Where d' : E] , — Ej, is the connecting ho-
1 momorphism of the long exact sequence of the
pair (X,Y).

We want to compare the term Fo, and Fy (which we know to be equal since the spectral
sequence stabilizes immediately).
Let us write them both out explicitly.

0. Im(Hy(Xo) — Hy(X1)) — Tm(i - -
EO,q . Im(Hq(@) s Hq(Xl)) =1 ( : Hq(Y) Hq(X)>7
Hy1(X0) Hy 1 (X)

Biq = m(Hyy1(Xo) = Hyp1(X1) — Im(i s Hya(Y) = Hyyr (X))

For E? the calculations give
E? =ker(d': Hy1(X,Y) = H,(Y)) (p=1),

E?* = H,(Y)/Imd" (p=0).

Putting everything together we obtain the exactness of the long exact sequence of the pair

in homology.



Chapter 2

Serre Sequence

Let E 5 B be a Serre fibration, which we recall means solving the lifting problem

"x{0} —— F
P

"t ———— B

From now on we will suppose B is a path-connected CW complex, a hypothesis that is no
more restrictive than B being path-connected provided we use cellular approximation and
pullback of bundles.

Definizione 2.0.1. A local system G = {G, 7y} of groups on a topological space X is a
functor that assigns to each x € X a group C, and to each path v: I — X from xy to 1 a
morphism 7, : Gy, — G, which depends only on the homotopy class with fixed endpoints
of v and such that if +y is constant then 7, is the identity. In other words, a local system is

a functor from the fundamental groupoid to groups.

We observe that clearly 7, is an isomorphism and thus for X path-connected all G, are
isomorphic.
The 71 (X, xo) acts on the left on G,,.

Definizione 2.0.2. If X is path-connected and its fundamental group acts trivially on G,

we will say that the local system is trivial.

Let us assume that X is path-connected and admits a universal cover X. We know that

m1(X, o) acts on the right by translation on X (monodromy action) and consequently acts

(again from the right) on the complex C4(X) and this action commutes with the differential.

Definizione 2.0.3. Setting G = G, abelian, we can define the complexes

Ci(X,6): = Cu(X) ®spry (X,00) G

10



C* (X7 g) L= HomZ[ﬂ'l (X,z0)] (C* (X7 G))
which we call singular chains and cochains with coefficients in the local system G.

Definizione 2.0.4. We define homology and cohomology with local coefficients as the

homology of the first or second complex.

We now give an important theorem.

Teorema 2.0.1 (Serre Spectral Sequence). Let 7 : E > B be a Serre fibration, there exists

a first-quadrant spectral sequence Ep  with v = 2 with
E;,q = HP(B; {Hq(Ew§ M)}) = HP(B?Hq(W_1§ M))
converging to B = Hy,, q(E; M) for a suitable filtration of Hy(E).

Esempio 2.0.2. SU(3)
Let us consider the fibration SU(2) < SU(3) — S° given by the action of SU(3) on the

5-sphere. Here too E? = E®.
We obtain

Z =0,3,5,8
H(sU@;z) =4 "
0 otherwise.

Indeed, on every diagonal p+ ¢ =n

3 / Z )
of the E® page only a single non-
zero term appears and thus the asso-
0 7 7 ciated graded module of the homol-
ogy of the total space coincides with
0 5 the homology. This reasoning will be

used often.
Esempio 2.0.3. SU(4)
Here too, we consider the fibration SU(3) — SU(4) — S7. In a completely analogous

manner to before, we derive E? = E®, from which

8| Z Z 7Z p=0,3,5,78,10,12,15

Hp(SU(4)§Z) =
0 otherwise

5 7 Z
We have again used the fact that in

3 Z Z the E® page only a single non-zero
term appears on every diagonal p +

0 Z Z q = n, therefore it coincides with the
homology.

0 7

Esempio 2.0.4. SU(5) from the fibration

SU(4) — SU(5) — S°

11



We observe that E? = ... = E°,

15 7 7 while E'9 = E® but the previously
19 7 7 calculated method is not sufficient to
10 7 7 understand to what these pages are
9 7 7 isomorphic. Indeed, observing the
7 7 7 diagonal p + ¢ = 12 we notice that
3 7 7 in the infinity page we do not know
0 7 7 which extension problem we have to
0 9 solve, having two non-zero terms.

Now let us observe other examples based on the path fibration (the pathspace fibration).

Esempio 2.0.5. QX. Let us take a pointed, path-connected and simply connected topo-
logical space (X, xo) and consider the fibration QX — PX — X. We observe that PX is
contractible.

Z =q=0
B2, = Hy(X, Hy(QX)) = EX, = p=a
' ' 0 otherwise since PX is contractible.

2n — 2 =H,.(X) =H,_1(QX)
. — —
Therefore d;. o : Ep, — Ej,_; mustbe
r—1 an isomorphism for r < 2n — 2. To see this,

it suffices to observe that all rows from 1 to
n—1 . n — 2 are also zero: the homology of QX in
the first column is zero up to the (n — 2)-th,

otherwise it would survive until the E® page,
0 Z ... 0 e ... e ... e

0 n T 2n

In fact, a direct consequence of the example is the following proposition.

Proposizione 2.0.6. If X is (n — 1)-connected, i.e., it has vanishing homotopy from the
zeroth to the (n — 1)-th, then H1(X) = -+ = H,_1(X) = 0 and furthermore H.(X) =
H,_1(QX) forr <2n-—2.

A consequence is the following.

Teorema 2.0.7 (Hurewicz Theorem). If X is (n — 1)-connected and n = 2 then m,(X) =
H,(X).

As a final example we have

Esempio 2.0.8. Q5"
Since m;(S™) = 0 for ¢ < n and using Q5™ — PS™ — S™ we obtain

12



3n—3 Z VA

e dunque
_ Z (n—1)i
on — 2 Z Z H,(QS") = ( )l
0 altrimenti.
n—1 7 Z
0 Z
0 n

2.1 Comparison of spectral sequences

The association of a spectral sequence to a filtered graded chain complex is functorial,

therefore maps of filtered graded complexes induce maps of spectral sequences.

Teorema 2.1.1. Let 7 : C — C’ be a map of filtered graded chain complexes EL with a
convergent and bounded below filtration.
If for some r > 1 we have that 77 : E™ — E'" is an isomorphism then T induces an

isomorphism in homology

Proof. By functoriality it follows that 7! is an iso for [ > r and in particular 7° : E® — E'®
is also one.
Now we can observe the following commutative diagram

0 —— Fs_1(H,(C)) —— Fs(H,(C)) —— EZ, — 0

s,n—s

| | |

0 — F,_1(H,(C")) — Fs(H,(C")) — EX,_, —— 0

s,n—s

For fixed n we can take § sufficiently small so that the boundedness from below of the
filtration guarantees F5_1 H,(C) = F5_1H,(C’) = 0 and by induction (using the diagram),
for s > 5§ we obtain

Te : FsH,(C) — FsH,(C")

isomorphism. Since the filtration F' is convergent the result follows on the increasing union

— Ty UFan(C) = H,(C) - H,(C") = UFan(C’) is an isomorphism.

O

1We observe that this hypothesis implies compatibility of the filtrations with respect to 7 and is stronger
than a simple morphism of complexes between graded and filtered complexes.

13



2.2 First proof of the Serre Spectral Sequence Theorem

Up to using the CW approximation theorem, the pullback of bundles and Whitehead’s
theorem we can suppose that B is a CW complex.
Let B™ be the i-th skeleton of B, this induces the filtration

FcBOD<c...c B ...

and the pullback one on E given by E() = 7—1(B®). This topological filtration induces a
filtration on the singular chain complexes Cy (E) from which we obtain a spectral sequence
with

E;Oz,q = p+q(Ep7 Ep_l)

and differential d induced by the boundary of Cy(E).

= B} = Hypq(E?,EP"") = Hyyo(n~ 1 (BW)), x~ 1 (BP1))) E°"

center of p-cell

p+q (B(p - \U {a} ) |=

- Hy (UW .U onia) -
C‘B 7 (D), 7~ H(DY\int(D)))-

Up to CW approximation we can suppose that the fibration 7 is trivial on the disk D; with
fiber 771(¢;) = F;. Therefore

Hypo(m Y(DP), 71 (0DP)) = Hpypo(DP x F;, SP71 x Fy) K29 {1 ().

Therefore E} , = @® Hy(F).

Now we have two different cases. If the local system {H, (7~ ')} is trivial, E} , are precisely
the cellular chains C5*(B, Hy(F)) = CcY(B) @ Hy(F) with the differential d* induced
locally by the map of the triple (B®), B(r—1) B(r=2)),

Alternatively, we can pass to the universal cover of B and obtain
= Gy (B) @y () Hy(F) = Co(B; Hy(m™1)).

In both cases E? , = H,(B; Hy(n~')) as desired.

2.3 Second proof of the Serre Spectral Sequence Theo-

rem

Given the fibration 7 : E — B we consider

Sing4(m) = {(f,0)|f : A* x A' 5 E, 0: A% - B,rof=00pr}

14



and we obtain a functor Sin, s : A% x A°? — Set.
Let us take RSiny «(m) the free R-module generated by Sing ().
There are two differentials:

0.4 : RSiny, o(m) — RSin, 1,4

P
HZ (67 xidp,),00€?)

=0

~.

The differentials commute therefore we can consider d = ¢’ + (—1)%0” and then two filtra-
tions on RSin. x (as in the case of the Cech-de Rham complex). The two spectral sequences

will converge to the same thing and we will conclude the thesis.

e First filtration: F,(RSin «(m))s = @ RSins.(m) and dy = 7'.

s+t=n
t<p

Let (f,0) € Sing (), we consider f associated via adjunction

Asx At L, B As L pa
N
AS—2 B B —— B~

where c is the inclusion map on the constant map.
The data of f and f are equivalent.
Consider the pullback

E} —— BA
l Jﬂ and therefore RSin, ,(m) = Cs(E}; R).

B —— B2
Furthermore E} — EA"isa homotopy equivalence because B — BA isand E -5 EA

is as well, so Cx(E}) — Cy(F) induces isomorphisms in homology and
E}, = H,(E) Vt > 0.

The differential d' = +0” is an alternating sum of restriction maps to the faces of A,

15



which therefore induce the identity in homology. We conclude that

H,FE) ift=0
Es2,t =
0 otherwise.

e Second filtration: Fj,(RSin. «(m))x = @ RSing(m) and differential dy = 9”.
Given (f,0) € Sing (m) we have

(%) (%)
\ {*} j BAS j(*):o’

SO

E,= @ C(I(A%0o (),

o:As—>B

El, = @ H/(T(A 0" (E))

and d' is the alternating sum of the faces of the simplicial module E} , which act in

this way: if ¢ : [¢'] — [s] is a map in the simplicial category, it induces
¢* :T(A%, 07 (B) » T(A%, (00 9) "\ (E))

and therefore ¢* : E} , — EJ, ,.
Since 7 : E — B is a fibration and A® is contractible, c71(E) — A® is a trivial
fibration as it is the pullback of a fibration, over a contractible base.
We thus have a homotopy equivalence between
(A%, 07 E)) =~ FA" ~ F,

with F,, being the fiber of 7w over the vertex 0 of o.
Therefore

Ei,= ® H(F,).
ceSing(B)

If B is simply connected, we can fix isomorphisms between the various H;(F,) as o

varies, so

E;, = Cs(B)® Hy(F).

16



Otherwise we can pass to the universal cover B of B and we have
EL = Co(B) ®x, () Hi(F) = Co(B; Hy(m "))
and d' is the boundary map of C (é) and therefore we conclude in any case
EZ, = Hy(B; Hy(n™"))

which concludes the proof.

2.4 Serre Spectral Sequence in Cohomology

Teorema 2.4.1. Let F — E — B be a Serre fibration, let G be a group and B path-
connected such that w1 (B) acts trivially on H*(F; G).

There exists a first-quadrant spectral sequence such that
By = HP(B; HY(F; G))]

P,n—p ~ [N n
ER"P = FMJFT |

for an appropriate filtration
OcF})c.-.-cF} =H"(E;Q).

Proof. The proof can be carried out analogously to those done for the homological version
of the theorem. O

2.5 Multiplicative properties of the Serre spectral se-

quence in cohomology

Let the coefficient group be a ring R.

We assume that H?(B, HY(F;R)) = HP(B;R) ® HI(F;R) (for example if H*(B;R) or
H*(F; R) are free or if R is a field).

Then F5 has a multiplicative structure:

Ey = H*(B;R)® H*(F; R)
(a®b)- (d @) = (=D qa’ @bl

Furthermore, if A is a filtered ring with a decreasing filtration F;A such that F,A- F;A C
FpigA= GA =@ (F,A/F,11A) has a ring structure.

This structure can be quite poor, for example if Fj,A-F;A c Fp;441A then GA has a trivial
product structure.

We recall that the multiplicative structure in H*(X) is given by the diagonal and Kunneth
maps:

H*(X)® H*(X) » H*(X x X) 5 H*(X)
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and for relative chains
c1e HY(X,X1) cxe H(Y,Y)

c1®c e HFTHX x Y, X, xY U X x V).

Given (E', B, F',p'), (E",B",F" p") Serre fibrations we can consider the product
(E/ X E”7B/ X B”,F/ % F”7p/ % p//)

and now construct the spectral sequence associated to the bi-cosimplicial R-algebras Hom(RSin «(7), R)
for 7 = p',p",p" x p".
We therefore have a map, unique up to homotopy

a : Hom(RSiny «(m), R) @ Hom(RSin, 4(m), R) — Hom(RSin, (7 x 7), R)

which we can make explicit via the Alexander-Whitney map in both directions. The filtered
complex has the structure of a filtered differential graded algebra.
Via the diagonal map

E 23 ExE

ﬂl |mx

BT>B><B

the Alexander-Whitney homomorphism therefore induces a product in Hom(RSin «(7), R)
which induces the cup product on H*(E) and which, being compatible with the filtration,

determines a product on the cohomology spectral sequence for every page such that

dr(1 ® ag) = (dran) ® ag + (—1)|al‘a1 ®d,as.

18



Chapter 3

Applications of the Serre

spectral sequence

Let us now see some applications.
e SU(n).
Let us return to what was already seen in homology.

H*(SU(n);Z) ~ H*(s3 % S5 % ... x SQn_l;Z).

We prove by induction that H*(SU(n);Z) = A[xs,---,T2n_1]-
We observe the fibration SU(n) — SU(n + 1) — §27+1L.
The study of the spectral sequence leads us to conclude that Fy, =~ A[xs,...,Tan41]. Since

by Serre’s theorem we know that F, is the graded

GH*(SU(n +1)) = @ FH*(SU(n +1))/Fia H*(SU(n + 1))

it follows that the preimages of the classes X3, ..., Xo,4+1 generate H*(SU(n + 1)) which is

therefore a quotient of the free integral exterior algebra on 3, ..., Zon11.
Having the same rank it is precisely isomorphic to A[z3, ..., Z2,+1] and we have concluded.
o CP".

We observe the fibration S! — S$2"*! — CP" and the associated cohomological Serre

spectral sequence

HP(CP" =0, 1
Byt = e po(sh) = )
0 otherwise

We know that E., describes H*(S?"1). We derive from the spectral sequence da(e - ey,)

ery1 and da(e - e,) = 0, from which ery1 = ey - doe = e}, - €1 = e = e = H*(CP")

19



e-eo\e-el\e.eg\...
€o \e1 \e \"

2

dim=2
Z] e /(ep).
o QS™.
Consider the fibration Q5™ — PS™ — S™ and look at the cohomological Serre spectral
sequence (recalling that PS™ is contractible). To write the Es page, we use the Universal
Coeflicient Theorem and the fact that the non-zero homologies of 2.5™ are distant from each
other.

Let us first take n odd greater than 1.
n—1|Zg L,z
0 Zq Ly
0 n

dp(a1) =z
dn(ak> = Q1T
dp(ak) = kab 'z

from which, by induction on k, it follows that
a’f = klay,

and therefore

2 an

H*(QS™;Z) = Tz[a] =< 1,a, % LI >cQlal.
n
When n is even, however, a? = 0 holds.

It can be shown that aé“ = klagg and that ayask = asga1:

=0 by ind.
d _ ,_/% o
(@ra9r) = Task — a1 Gop—12 = Tag

and therefore

d(arasy) = d(ask+1) = ai1a2; = G2k41-

20



In this case too we can explicitly describe
H*(QS™) = /\ zla] @ T'z[0]

with a in dimension n — 1 and b in dimension 2n — 2.

We have exhibited examples of cohomology ring calculations using the Serre spectral se-
quence, let us now make some considerations of a general nature.

Let w : E — B be a Serre fibration. Assume B and F' are path-connected and that the local
system Hy(7~1) is trivial.

Consider the spectral sequence

Ez,q - HP(Bqu(F)) = HP+Q(E)7
F?,~ H,(B).

n,0 =

Since no differential arrives at row 0 we have

E}R =ker(d" : E}, y > E,

n—r,r—l)
which is trivial for r > n. Therefore
El o E oD E = EY,.
Approximating £ — B with CW-complexes and cellular maps we have
EM™ ~ 71-—1(3(”))

from which it follows that H,(E) = Im(H,(x~*(B™)) - H,(E)) = F,H,(E) that is,
F,H,(E) = H,(F) holds and therefore we can look at the composition

Hn(E) = F,Hy(E) —» FoHy(E)/FoHy(E) = BN — By — -+ — EJ , = Hy(B).

Proposizione 3.0.1. The map H,(E) — H,(B) just described coincides with H,(r).
Proof. By naturality and confronting spectral sequences coming from

F— %

|

E —r— B

[ L

B -1dg» B

so one obtains
H,(B)

UE 3 IdB*

1% 1,(B)

—
speciale
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and it only remains to verify that the bottom map is actually our ’special’ map. But this
is because the fibration on the right is trivial and the spectral sequence converges at page
2. O

Given a section B — E the same reasoning tells us that the special map H,,(E) — H,(B)
has a section. In particular we can conclude that row 0 survives until the term E%.

Similarly, we can note that Eg’n = H,(F) and therefore taking successive quotients

H,(F) = Egm —» Egjn — - B, = FoH,(E) — H,(E).

Proposizione 3.0.2. The map H,(F) — H,(E) just described is precisely the map induced
by the inclusion i : F — E in homology.

Proof. Same as before but using the diagram

F— F

J{ ldp

and confronting spectral sequences. O

3.1 Transgression

Consider E 5 B a Serre fibration with F, B path-connected and a trivial local system.

Definizione 3.1.1. Let us consider the differentials in the Serre spectral sequence
d": E’Z,O - Eg,n—l'

This homomorphism (and its analogue in cohomology) is called transgression. The elements

that survive up to the domain of the transgression are called transgressive.

H3(B) Hy(F)
2 2
For n = 2 we have d? : E5o — Ej;, but in general, as seen before, £, is a

submodule of H,(B) while Ef',,_, is a quotient of H,,_1(F).
Consider the exact sequence of the pair
Ox

. = Hy(F) > Hy(E) - Hy (B, F) % Hy_y(F) > ...

and the projection
7wy Hy(E, F) — H, (B, *).
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Teorema 3.1.1. The transgression in the homology Serre spectral sequence coincides with

the composition
-1

H,(B) — H,(B,*) ™ H,(E,F) % H,_\(F)

and similarly in cohomology
ol I
oo BN E) S (B, F) TS (B, ) — HY(B)

Proof. Let us consider the homology case. The other is analogous.

We approximate B with a CW-complex with a single 0-cell.

Therefore every element of E} , is represented by a chain c € Cp(r=1(BM™)) c C,,(E) with
boundary in C,,_1(7~1(B™)) c C,,_1(F). That is, c is a relative cycle of C,,(7~1(B™), F).
As we saw in the proposition identifying row 0 of the spectral sequence, the identification
of Ey o with H,(B) occurs via the map that sends

n
Zno

-

Eylo — Ha(n Y (B™), F) 2 [¢] ™ [ms(c)] € Hu(B).

Furthermore the differential dy; o : B} o — Ef,,_; sends
H, (" (B™),F) 2 [c] - [0c] € Cpys(F)

thus the thesis follows. O

3.2 Serre Classes

Let X be a path-connected topological space such that H,(X) is of torsion. Equivalently,
one can say that Hy(X;Q) = Hy(pt,Q). Can we say something about the homotopy groups?
Are they all torsion?

And what if ﬁ*(X) is entirely p— torsion, can we say the same about 7, (X)?

And what if H,(X) are all finitely generated?

Definizione 3.2.1. A class C of abelian groups is called a Serre class if 0 € C and for every

short exact sequence
0>-A—>B->C-0

it holds that A,BeC < BeC(.
We observe that a Serre class is closed under
e isomorphisms;
e subgroups;
e quotients;

e extensions: given A — B — (C exact at B, thenif A, C € C also ker(B — C), coker(B —

C) are in C and therefore

0 — ker(B — C) —» B — coker(B — C) — 0
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is short exact with ends in C = B € C.
Let us list a few Serre classes (the proof is an exercise):
e the class of finite abelian groups Cyin;
e the class of finitely generated abelian groups Cyg;
e the class of torsion abelian groups Cior;
e the class of p-torsion abelian groups.

Definizione 3.2.2. Let P be a set of primes. Let Cp be the class of torsion groups such
that if 3p € P which divides the order of A € Cp then a = 0.

We will write C,, to denote Cyyy.

This is a Serre class for every prime p.

Let Zp be the localization of Z at the complement of the union of the ideals generated by
the primes (p),p € P. Then A € Cp < A®y Zp = 0 therefore in particular

AeC, e A®Z,=0

(we will omit the subscript on the tensor when it is clear that we are working with Z
modules).
We also observe that the intersection of Serre classes is a Serre class.

Let us now give a definition that will allow us to work modulo a Serre class.

Definizione 3.2.3. Given a Serre class C, we will say that A =0 mod C if A € C. Given

a morphism f: A — B we will say
e it is a monomorphism mod C if ker f € C;
e it is an epimorphism mod C if coker f € C;

e it is an isomorphism mod C if it is both.

Proposizione 3.2.1. Let C be a Serre class. The classes of monomorphisms, epimorphisms,
isomorphisms mod C are closed under composition. The class of isomorphisms respects the

"2 out of 3” rule, i.e., if two among «a, 3,0 B are iso ( mod C) the third one is too.
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Proof. The proof follows from the exactness of the exterior path on the following hexagon

0 0

I e

ker f ———— coker «

N
N

Boa

0 —— kerfoa A coker foa —— 0

~o | I

ker o ¢+—— 0 <—— coker

| |

0 0

Let us proceed with some observations.
Let Cy be a chain complex. If C,, € C then H,(Cy) € C as well.
Let F be a filtration on A. If A€ C then griAeCV s.
If F is finite then grsAeC Vs & AeC.
Let {E7,} be a spectral sequence. If EZ, € C Vs,t then all other pages (with finite index)
are in C. If moreover {E"} is in the first quadrant, then the oo page is as well.
If the first-quadrant spectral sequence is induced by a filtration on a complex C and Eit eC
for s+t = n then H,(Cy) € C.
As an example of this last consideration, we observe that given a pair (X, A), if two among
H,(A),H,(A),H,(X,A) are in C, then the third one is too.
An IMPORTANT FACT holds (left as an exercise): the 5-lemma mod C continues to

hold looking at exact sequences mod C.

Definizione 3.2.4. A Serre class is called a Serre ring if A, BeC = A® B and A+ B are
in C.

Definizione 3.2.5. A Serre class is called a Serre ideal if AcC = A® B and A * B are in
C for every abelian group B.

All the examples above are Serre rings. The examples without the hypothesis that the
groups are finitely generated are Serre ideals.
Let C be a Serre class and A € C. We consider the classifying space BA = K(4,1).
We know that H; (K (4,1)) = AeC.

Definizione 3.2.6. A Serre ring is called acyclic if it contains the homologies of all its

classifying spaces.

Let us verify the acyclicity of some Serre classes.
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e Cyip is acyclic. By Kunneth it suffices to consider H,(BC,,) where C,, = Z/nZ.
C,, < S' acts on S® < C®. A model of a classifying space is the infinite lens space.
In particular we have the fibration

st =c,\S' - BC, - CP”

Let us study the associated Serre spectral sequence (we report only the cohomological

lle e ex? ... ES' = H3(CP®) ® H'(SY)
one): \\ \
0l1 - 22 23 H,(BC,) = C,, Hy(BC,) =0= H*(BC,)=C,
0 2 4 6 = dye = nx = dyex’ = na't!

We then derive H*(BC,,) = Z[z]/(nz) with z in degree 2.
Therefore H;(BC,,) and H*(BC,,) are finite and Cy;, is acyclic.

e Since every torsion group is a direct limit of its finite subgroups, we can conclude that
A€ Cior = Hy(K(A,1)) € Cior, that is, Cyor is acyclic.

e Similarly, the classes of finite p—groups and C, are acyclic.

e Observing that H*(K(Z,1)) = H*(S') = A[e] with e in degree 1, we conclude that
Cyg4 is acyclic.

Let us make an important observation. Let C be a Serre ideal; if H,,(X), H,—1(X) are zero
mod C then H,(X; M) =0 mod C for every abelian group M.

In the case where C is only a Serre ring, the observation holds for M € C.

Proposizione 3.2.2. Let m : E — B be a Serre fibration with B, F path-connected and
trivial action m1(B) —~ H,(F'). Let C be a Serre ideal.
If H(F) € C VYt > 0 then 7y : Hy(E) — Hy(B) is an isomorphism mod C.

Proof. By the Universal Coefficient Theorem it holds that
EY, = H.(B,H(F))eC

Therefore EY , is also in C for ¢t > 0 and similarly for the EJ, page.
It follows that the map
s : Hy(E) —> Hy(B)

is an isomorphism modulo C. O

Proposizione 3.2.3. Let 7 : E — B be such that F, B are path-connected and w1 (B) = 0.
Let C be a Serre ring such that

o H,(B)eC for every 0 < s <n;
o Hi(F)eC for every0 <t <n—1 orC is a Serre ideal.

Then my : Hi(E,F) — H;(B,bg) is an isomorphism mod C for i < n.
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Proof. We use the homological Serre spectral sequence in the relative case.
Ef’,t = Hy(B,bo; Hi(F)) = Hsyt(E, F).

For s = 0 and s = 1 we have Eit = 0 (we are using that B is path-connected and simply
connected).

Furthermore EZ, € C for (s,t) in [2,n — 1] x [1,n — 2] therefore for s + ¢ < n the only
non-zero groups modulo C are E7, = H;(B,bo).

We therefore derive that 7y : H;(E,F) — H;(B,bg) is an isomorphism modulo C. O

Let us now discuss an important theorem.

Teorema 3.2.4 (Hurewicz Theorem modulo an acyclic Serre ring). Let C be an acyclic

Serre ring. Let X be simply connected and n = 2.
T(X)eC Vg<n< HyeC Vg<n
and in this case the Hurewicz map m,(X) — H,(X) is an isomorphism modulo C.

Before the proof, let us show some corollaries (based on the acyclicity of some rings

verified previously).

e H,(X) is finitely generated for every ¢ < n if and only if 7m,(X) is finitely generated

for every q < n;

e For p prime, H,(X) is of p—torsion V¥ ¢ < n if and only if m4(X) is of p—torsion for

every q < n;

e H,(X;Q) =0 for every q < n if and only if m,(X) ® Q = 0 for every ¢ < n and
h:m(X)®Q — Hy(X;Q)

is an iso.
Let us proceed to the proof.

Proof. We retrace with some variations the proof of the Hurewicz theorem.

We proceed by induction on n, using the fibration X — PX — X and show that if
7q(X) € C for ¢ < n then 7,(X) — Hy(X) is an isomorphism modulo C.

Base step: n = 2. By the Hurewicz theorem 75(X) — Hz(X) is an isomorphism.

Inductive step: Consider the diagram

Ty(X,20) +—— 7 (PX,QX) —— 7, 1(QX)

| | @|n

Hy(X,20) <2 Hy(PX,0X) —— H, 1(2X)

and let us verify that (1), (2) are isomorphisms modulo C.

If 7(X) = 0 (equivalently 71 (Q2X) = 0, which we cannot assume a priori), then (2) is an
isomorphism by the induction hypothesis (using QX instead of X).
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Furthermore, using the proposition on the fibration with B simply connected and C a Serre
ring, since again by the induction hypothesis H;(X, o) € C for i < n, we can conclude that
(1) is an isomorphism modulo C.

If m2(X) # 0 we proceed as follows: let us look at the Whitehead tower
Since mo(X) € C we have H;(K) € C for all positive 4, by the

hypothesis of acyclicity of C. It follows, looking at the long
exact sequence of the pair (Y, K), that H;(Y,yo) — H;(Y, K) is
an isomorphism modulo C.
Since X is simply connected we can apply again the proposition
on the fibration with simply connected base and Serre ring to
the map (Y, K) — (X, zo).

=
Il
A
M e
=

We obtain
HZ(Y7K) g HZ(X, .’L'())

isomorphism modulo C for i < n. Therefore H;(Y,y9) — H;(X,x0) is an isomorphism
modulo C for i < n.

The map m;(Y) — m;(X) is an isomorphism for ¢ > 3 and m2(Y) = m1(Y) = 0, thus one can
apply the induction hypothesis to Y and conclude. O

We exhibit a further corollary (which we phrase as a proposition).
Proposizione 3.2.5. Let X be simply connected, p a prime and n = 2. Then
T(X)®Zpy =0Vi<n<e Hi(X;Zy) =0Vi<n
and in this case the map h : 7, (X) ® Ly — Hn(X;Zp)) is an isomorphism.
Proof. It suffices to use the Hurewicz theorem modulo C taking C, as the Serre ring. O
We also give a relative version of the theorem.

Teorema 3.2.6 (Relative Hurewicz modulo C). Let C be an acyclic Serre ideal (note the
stronger hypothesis). Let (X, A) be a pair of simply connected topological spaces and n = 2.
Then

(X, A)eC V2<i<ne H(X,A)eC V2<i<n

and in this case h : mp (X, A) — H, (X, A) is an isomorphism modulo C.

Idea. Let F' be the homotopy fiber of A < X. Then we obtain

(X, A) «—— 1, (PX,F) —=— m,_1(F)

b 3]

Hn(Xa A) <P;* Hn(PXv F) i> Hn—l(F7 fO)
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and to prove that p, is an isomorphism modulo C we need the Serre spectral sequence for

QX —— (PX,F)

l

(X, 4)

with B2, = H (X, A; H/(2X)). At this point we use the fact that C is a Serre ideal to apply

one of the previous propositions and conclude that p, is an isomorphism modulo C. O

Teorema 3.2.7 (Whitehead Theorem modulo C). Let C be an acyclic Serre ideal and f :

X —Y a map of simply connected spaces. Let n = 2. The following are equivalent

o fu:mi(X) — m(Y) is an isomorphism modulo C for i < n — 1, an epimorphism

modulo C for i =mn;

o f.: Hi(X)— H;(Y) is an isomorphism modulo C for i < n —1 and an epimorphism

fori=n.

Proof. As always, we can suppose that f is an inclusion by replacing Y with M;. We now
have the diagram

Therefore the first statement is equivalent to 7; (Y, X) = 0 mod C for i < n and by Hurewicz
this is equivalent to H;(Y, X) =0 mod C, which is equivalent to the second statement. [J

Proposizione 3.2.8. Let X,Y be topological spaces such that Hy(e,Zy) is finitely gener-
ated for every q.

If f: X =Y is an isomorphism in Hy(e,Z/pZ) for every q then it induces an isomorphism
modulo C,, in Hy(e,Z).

Proof. We recall that A % B is an isomorphism modulo Cp if and only if A ® Z, gl

B ® Zy) is an isomorphism: the module Z,) is flat and therefore the exact sequence
0 —> keraw > A — B — coker a — 0
implies the exactness of
0— kera@Z(p) — A@Z(p) — B®Z(p) — coker a@Z(p) — 0
therefore we have an isomorphism between the two central terms if and only if ker o, coker o €
Cip)-
A finitely generated module over Z,) is the trivial module if it is so after tensorizing with

F,. Then we show that the kernel and cokernel of fi : Hy(X) — H,(Y) are zero when we
tensor with IFp.
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Let now Z be the mapping cone of f. We know that
0= Hy(Z:Z/pZ)

by hypothesis and therefore H,(Cy, X;Z/pZ) = 0.

Since Zy) is Noetherian, the hypotheses of finite generation of the homologies (with local-
ized coefficients) of X and Y guarantee the finite generation of H,(Z;%Z,) for every q.
From the Universal Coefficient Theorem we have the embedding H.(Z;Z,)) ® F, —
H.(Z;F,), from which H'*(Z;Z(p)) = 0 therefore f, ® 1 is an isomorphism, which is the
thesis. O

Proposizione 3.2.9. Let X,Y be simply connected with homology with coefficients in Z,)
finitely generated. Suppose a morphism f induces isomorphisms between the homologies with
coefficients in Z/pZ, then fyu : 74(X) ® L) — m4(Y) ® Zpyy is an isomorphism.

Proof. 1t follows from the previous proposition and from the Whitehead theorem modulo
C. O

3.3 Serre’s Theorem

We proceed preliminarily to calculate the homology of K(A,n).

If A€ Cy,, the Hurewicz theorem modulo C tells us that Hy (K (A,n); Q) = 0 as well.

For K(Z,1) = S* we have H*(K(Z,1),Q) = \g[i1] with i1 a generator in degree 1.

For K(Z,2) =~ CP* we can calculate the homology as follows.

We use the fibration K(Z,n —1) - PK(Z,n) — K(Z,n) and observe the Serre spectral

sequence in cohomology (for n = 2).

7

211\12) d(Zl) i i2
0]1 is io? d(iy -i%) = i5™!
01 2 3 4

da cui H*(K(Z,2); Q) = Q[iz] con iy di grado 2.
Procediamo adesso con lo spazio K(Z,3) in maniera simile.
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4| i3 we obtain ds(iz) = i3,ds(i5) = k-i5 ' iz

2| iy = H*(K(Z,3);Q) = /\[is], lis| = 3.
0 1\¢3
0 3

For the general case of K(Z,n) we can proceed inductively (on n). Using the fibration
K(Z,n—1)=QK(Z,n) > PK(Z,n) > K(Z,n)
we are able to obtain (via the Serre spectral sequence)

Alin] for n odd

H*(K(Z,n); Q) =
(K (2,0 Q[in] for m even

n odd n even
2 2
2(7’l — 1) Tn—1 1h—1"n
n—1 Z.n,1 Zn . in,1—>i% . Z.n,1

n—1 In—1 Z.nfl : Zn
)
0 in 0 1 in {54
0 n 0 n 2n

We proceed now by stating an important theorem of Serre.

Teorema 3.3.1 (Serre’s Finiteness Theorem). The homotopy groups w;(S™) are finite for
every i, except m,(S™) and wa,—1(S™) for n even. In that case, they are finitely generated

and have rank 1.

Proof. For n =1 it is clear, S! is an Eilenberg-Maclane space.

Let us assume n > 2 and consider the first non-zero map in the Postnikov tower of S™, the
map S" — K(Z,n).

If n is odd, from the calculation of rational homology above, we know that this map induces
isomorphisms in H,(e; Q). Therefore, by the Whitehead theorem modulo C, it induces them
also in rational homotopy 74 (e) ® Q and thus the thesis follows.

If n is even, we proceed as follows. Consider the homotopy fiber F' (which, we note, is a
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homotopy truncation) and let us calculate its cohomology

. . . .2 . ,3 .
2n —1 | igp_1 Ip 121 15 i2n—1 1y i2p—1
. .2 ‘3
1 in 5 (54
0 n 2n 3n

from here it follows that F has the same homology and rational homotopy of a K(Z,2n—1),
and the thesis follows. O
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