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1 Model Categories

1.1 Definition of model categories

To quote [Lur09]: Quillen’s theory of model categories provides a useful tool for studying specific ex-

amples of co-categories, including the theory of co-categories itself.
Definition 1.1. Let C be a category, with three classes of maps:

(W) Weak equivalences o —> o;
(C) Cofibrations « = ;
(F) Fibrations ¢ — .
So that each class of maps is closed under composition of maps and idy, VX € C locates in all three
classes.
We call maps in (W) N (C) acyclic cofibrations, whose arrows are <, and maps in (W) N (F) acyclic
fibrations, with arrows —
We say C is a model category if the following 5 axioms hold:
MC1 Cis complete and cocomplete.
MC2 For f,g € Mor(C) and g f defined, then any two of f, g, gf are weak equivalences, then the
third one is.
MC3 If f is a retract of g in Mor(C), then whether g is in (W) or (C) or (F), so is f.
MC4 Consider the following commutative diagram (where i is a cofibration and p is a fibration):

_r

~.>
I el

oy

g

Then whenever (a) i is an acyclic cofibration or (b) p is an acyclic fibration, there exists a lifting
h : B— X sothat f = hiand g = ph.
MC5 Foranymap f : X — Y, there exists two factorization of f, (a) f = pi, where p is a fibration

and i is an acyclic cofibration; (b) f = pi, where p is an acyclic fibration and i is a cofibration.

Since an initial object in the colimit over empty diagram and a terminal object is the limit over empty

diagram, by MC1, we know that they exist in model category C, denoted by @ and * respectively.

Definition 1.2. An object X € C is called a cofibrant if ® — X is a cofibration, it is called a fibrant
it X —x is a fibration. Denote by:

C.: full subcategory of C with objects are cofibrants.

Ci: full subcategory of C with objects are fibrants.

Ce:  full subcategory of C with objects are both cofibrants and fibrants.

1



Remark 1.3. Use MC5 on X —*and @ — X, we get RX fibrant and QX cofibrant withiy : X < RX ,
px i QX > X.

Proposition 1.4. (i) The class of cofibrations in C is stable under cobase change, the same for acyclic
cofibrations.

(ii) The class of fibrations in C is stable under base change, the same for acyclic fibrations.

Proof. Consider the pushout diagram:
C

A

B—— D

f

~

where i is a cofibration map and f is the cobase change map. We would like to prove that j is a
cofibration. This uses the following criterion for (co)fibrations in model category.

We say i : A — B have left lifting property (LLP) to p : X — Y if for any commutative diagram as 1,
there is a lifting B — X. In such case, p is said to have right liftng property (RLP) to i.

(1)

Pk

o

Lemma 1.5. (i) The cofibrations in C are those who have LLP with respect to acyclic fibrations, and the
acyclic cofibrations in C are those who have LLP with respect to fibrations.
(ii) The fibrations in C are those who have RLP with respect to acyclic cofibrations, and the acyclic fibra-

tions in C are those who have RLP with respect to cofibrations.

Proof of Lemma 1.5. One side is clear, now assume i : A — B has LLP for any acyclic fibration. We

can factorize i as A & B’ » B so that p’ is acyclic. Use LLP for B* — B, there is a lifting j : B - B’

so that i’ = ji, p’j = ids. We have the following diagram that makes i a retract of i’:

PR TS
B— B 4B

Use the axiom MC3 we conclude that i is a cofibration as i’ is. The rest cases can be similarly proved.
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Now by Lemma 1.5, we only need to prove that j has LLP to acyclic fibrations. We consider:

f f

A sy C —— X A >C%X
I A
B g>D b>L B g>D b>Y

where the left diagram is commutative and p : X — Y is an acyclic fibration. Since i is cofibration
and p is acyclic fibration, by MC4 we have a lifting [; : B — X so that [;i = af. By universal property

of pushout, we have amap [, : D — X so that [,g = [;. Now [, is in fact a lifting in the diagram

)

#X

2 P

Y

P
N

!

I

b

This shows j is LLP to p and hence j is a cofibration. When i is an acyclic cofibration, we can loose
the condition on p that requiring it to be just a fibration. In this case, we can see j will be acyclic. The

proof of (ii) is dual. [

1.2 Homotopy category of a model category

We fix C a model category.

Definition 1.6. Let A € C be an object, a cylinder object of A is an object A A so that id, +idy :
A]J A — Afactor through AATas A]] A > AAI 5 A where the factorized map AN — Aisaweak
equivalence. Denote by iy, i; the composition A > AJJ A 5 ANT corresponding to A - AJ] A by
first/second factor respectively.

A cylinder object AAI is called:

(a) good if A]] A - AATis a cofibration.

(b) very good it AN is good and AAI — Ais an acyclic fibration.

We have the dual notion of cylinder object:

Definition 1.7. Let X € C be an object, a path object of X is an object X’ so that (idyx,idx) : X —
X x X factor through X' and the factorized map X — X' is a weak equivalence. A path object X' is
called:

(a) good if X! - X x X is a fibration.

(b) very good if AT is good and X — X' is an acyclic cofibration.

We have the notion of homotopy (of maps).



Definition 1.8. Let f,g : A — B be two maps, we say that f is left homotopic to g if f + g :
AJJ A — B factors some cylinder object AANI by H : AAI — B that satisfies Hiy = f, Hi; = g.
Denote by f L g, and H is called the left homotopy from f to g (via AAI). H is called good or very
good if AN is.

The notion of f right homotopic to g is dually defined. Namely if f,g : A — B two maps, f is
right homotopic to g if (f,g) : A — B x B factors through some path object B' by right homotopy
H : A — Bl Denote by f ~ g. The goodness of H is again dependent on B'.

We note that if f L g, a good left homotopy always exists between f and g as we can apply MC5 to
i : A]]A— AAI Similar for the case when f ~ g.

Lemma 1.9. Let f,g : A — B be two maps, then:

(i) If A is cofibrant, then f L g implies f ~ g.

(ii) If B is fibrant, then f ~ g implies f L g

Lemma 1.10. If A is cofibrant and A A I a good cylinder object of A, then iy, i; : A — ANI are acyclic

cofibrations.

Proof. This is simply because if A is cofibrant, then by the pushout diagram of » — A, we know
A — A]]J A is a cofibration, and id, factors as A L AN S A, so iy is weak equivalence, the same
for i;. O

Proposition 1.11. If A is cofibrant, then L defines an equivalence relation on Hom¢ (A, B).
Dually, If B is fibrant, then ~ defines an equivalence relation on Hom¢(A, B).

Proof. We only prove for the first case that A is cofibrant. It is easy to see that f L f as we can take
A itself as a cylinder object of A and f is the homotopy from f to f. Also if f L g, then switch the
maps iy and i; we get g L f easily. Now assume that we have f L gand g L h Suppose f L g via

good cylinder object AAT and g L hvia good cylinder object A A I’ so that
g&=Hi; : A‘i—1>A/\I£>B,
—Hil AS AN L B

where iy, iy, iy, i} are acyclic cofibrations by Lemma 1.10 (we use the cofibrant condition here).
Let AAI” be the pushout of AANI" < A —> AAI. We have




where the middle square is the pushout diagram, by Proposition 1.4we know that j; and j; are acyclic
cofibrations, hence A — A A I” is a cylinder object of A. Moreover, by universal property we have
H”j; = H,H"” j, = H’, this gives the homotopy from f to h we want. ]

Notation: If A is cofibrant, we use 7'(A, B) to denote the equivalent classes under left homotopy in
Hom¢(A, B). If B is fibrant, we use 7"(A, B) to denote the equivalent classes under right homotopy in
Hom¢(A, B).

When A is cofibrant and B is fibrant, by Lemma 1.9 we use ~ to denote two maps are homotopic, and

(A, B) the set of equivalent classes under homotopies.

Theorem 1.12. Let A, X € C be both cofibrant and fibrant, then for f € Hom¢(A, X), f is a weak
equivalence if and only if there exists g : X — A such that fg ~ idx,gf ~ ids. If so, we say g a
homotopy inverse of f.

P
Proof. Assume first that f is a weak equivalence, using MC5 to factorize f as: A 4 €5 X. We can

deduce that both g, p are weak equivalences. Consider the diagram

i

we have a lifting r : C - A with rq = id,, as q is acyclic cofibration and A is fibrant. We claim that

idg

oS

|

qr ~ idc.

Lemma 1.13. If A is cofibrant and p : X — Y is an acyclic fibration, then the pushforward: p, :
(A, X) — 7(AY),[f] = [pf] induces a bijection.

IfX is fibrant andq : A — B isan acyclic cofibration, then the pullback: q. : 7'(B, X) — n'(A, X),[f] —
[fq] induces a bijection.

Now C is fibrant since C — X and X is fibrant (also C is cofibrant). By Lemma above, the pullback g
induces 77(C,C) < n"(A,C) so that g*([qr]) = [grq] = [q] = ¢*([idc]), hence [gr] ~ idc as we want.
The same machinery applies to prove that there is s : X — C such that ps ~ id¢, sp ~ idx. And the
composition rs : X — A is a homotopy inverse of f.

Conversely, assume f has a homotopy inverse g. And we assume in the decomposition A el x ,
q is an acyclic cofibration. It remains to show that p is a weak equivalence. Let H : X Al — X be a

good homotopy between fg and idy, consider the diagram
C
S
X " XAI —— X
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By Lemma 1.10, iy, i; are acyclic cofibrations, so there is a lifting H" : X AI — C. Sets := H’i;, then
ps = pH’i; = idy. Throughout the proof above, we know g : A & C has a homotopy inverse r. Since

pqr = fr,and gr ~ id¢, we have p ~ fr. And s ~ qg via the homotopy H’. We get

sp ~qgp ~ qgfr ~qr ~ idc

So sp is a weak equivalence. Also p is a retract of sp, by axiom MC3, we get that p is a weak equiva-

lence. O]

Definition 1.14. We define the following categories:

mC.: A category has same objects as C., maps are right homotopy classes of maps in C..
mCs: A category has same objects as Cy, maps are left homotopy classes of maps in C;.
mCq: A category has same objects as C.t, maps are homotopy classes of maps in Cy.
And functors: R : C — nC;, X —» RX; Q : C — (., X — QX as in Remark 1.3.

Lemma 1.15. The categories and functors in Definition 1.14 are well defined. Concretely we have:
(i) If A is cofibrant, then the composition of maps in C induces (A, B) x n"(B,C) — n"(A,C). If X is
fibrant, then the composition of maps in C induces 7'(Z,Y) x n/(Y, X) — #'(Z, X).

(ii) R, Q are functors. Moreover, the restriction of R to C. induces R’ : nC. — nCy.

Definition 1.16. We define the Homotopy category of a model category C to be the category Ho(C)

so that it has the same objects as in C and the morphisms are given by
Homyo(e)(X,Y) 1= Homyc, (R'QX, R'QY) = 7(RQX, RQY)

And lety : C — Ho(C) be the localization functor that keeps the objects in C and maps a morphism
f : X =Y eMor(C) to RQ(f) € Mor(Ho(C)).

We mentioned in the definition of y that it could be regarded as a localization functor, in fact, the

construction of homotopy category Ho(C) of C is canonical, see the following Proposition.

Proposition 1.17. Let W be the class of weak equivalences, then there is an equivalence of categories

CIW™] = Ho(C). In particular, a morphism f in C is in W if and only if y(f) is an isomorphism.

1.3 Examples

The following method in [DS95] is crucial to construct model category structures on our favorite
categories.

We assume that C is a cocomplete category. Let F = {f; : A; = B;},.; be a family of maps in C and let



p : X = YbeamapinC. Denote by S(i), index by i € T, the set of pairs (g,h),g : A; => X,h : B >Y
so that the following diagram commutes:

A; —f X
170
B, T) Y
We define G'(F, p) € C to be the pushout:
Yiet | D(ghyest) &
ez Hgmesi Ai - > X
ez f i
pPi=po
[iez g nyes Bi » G'(F, p)

\ p1
et i Xghesy b
I

where we denote i; the map X — G'(F, p) and p; : G'(F, p) — Y is determined by universal property
for the map p o (Yiez i Dgnyesiy & = Dier i 2uemesy b- We now replace X by G'(F, p) and p := p, by
P, repeat the above process, we get G'(F, p;), denote by GX(F, p). We let GX(F, p) := G'(F, p;_,) for
the sequel, then:

Y

X — G\(F, p) —— G*(F, p) > » GK(F, p) — ...
R |
Y Y Y Y

We take G*(F, p) := colim G*(F, p) and i, : X = G (F, p), po : G*(F, p) = Y so that peic = p.

Definition 1.18. We say an object A € C is sequentially small if for any functor B : Z, — C, the

canonical map colim, Hom(A, B(n)) — Hom(A, colim, B(n)) is an isomorphism.

Proposition 1.19. Suppose that for alli € T, A; € C is sequentially small, then p., : G*(F, p) > Y has
right lifting property with respect to any f; € F.



Proof. We need a lifting B; — G*(F, p) in the left of following diagrams:

Ai % GDO (]P’ p) Ai L) Gk(]P9 p) L> Gk+1(IF3 p) I GW(]P9 p)
le l oo ﬁl l}’k lpkﬂ l oo
B —" sy B —" sy Y Y

Since A is sequentially small, there exist k € Z, and g’ : A; — G¥(F, p) such that g is the composition
of GK(F, p) — G™(F, p) with g’. Now (g’, h) € S®(i) is a pair for the map p; : GX(F, p) — Y, so there
exists a map B; — G*"!(F, p), as depicted in the right of above diagrams. The squares in this diagram
are all commutative, thus composing with the map of G**(F, p) — G*(F, p), we obtain the lifting we

want. O]

Example 1.20. We are now ready to construct the model category structure for Ch”°(R) the category
of chain complex of R-modules in nonnegative degrees, where R any associative ring. We note that
for M, € Ch”°(R), it is sequentially small if and only if it has finitely many degrees k so that M; are
nonzero and those nonzero R-module are finitely presented.

To exhibit Ch”°(R) as a model category, we set the class (W), (C), (F) in Ch”°(R) to be:

(W): the weak equivalences are those maps f : M, — N, such that f induces isomorphisms on each
degree fi : H.(M,) = Hi(N.),Vk > 0.

(C): the cofibrations are those maps f : M, — N, such that f; : My < Ny monomorphism with
cokernel being projective R-modules on each degree k > 0.

(F): the fibrations are those maps f : M, — N, such that f; : My — Ni epimorphisms on each degree
k> o0.

We only prove that MC5 is satisfied. For n > 1, let D,(—) : RMod — Ch(R) be the functor:

AeRMod+— [+ —0—A— A— 0— ..], concentrates in degrees n — 1 and n.

Alsoforn > 0, define the functor K(—,n) : A € RMod — M, complex concentrates at degree n with M, =
A.

Lemma 1.21. (i) D,(—) is left adjoint to the n-th truncation functor, and K(—,n) is left adjoint to the
n-th homology functor. Namely we have:

HomCh>°(R)(Dn(A), M,) = Homgmod(A, My); HomCh>0(R)(K(A’ n), M) = Homgnoa(A, Hy(Me)).

(ii) Let D, := D,(R) and S" := K(R,n), then a map X, — Y, is a fibration in the above sense if and only
if it has RLP with respect to 0 — D,,, for alln > 1. In addition, it is an acyclic fibration if and only if it
has RLP with respect to "' — D, foralln > 1.



Now for any map f : X. — Y, let the family be F : = {jn : Sl D"}n>1‘ By construction, we can
factor f as X, SR G*(F, f) 2, Y,. We know that §' is sequentially small, Vi > 0, then by Proposition

1.19 and Lemma 1.21, we know that p., is an acyclic fibration.
Consider the following diagram in Ch”°(R):

Hn>1 Sn71 7 Gk(IFs f)

| |

Hn}an I— GkH(E f)

We can see that on each degree n, G*"'(F, f), = G*(F, f)» ® (P,vera
G>(F, f) is the direct sum of X, with many copies of R, the shows X, — G>(F, f) is a cofibration
and thus prove MC5(i).

Similarly, take another family F' : = { i 00— D”}n> » we can factor f as X, =, G*(F, ) LN Y..

Now pl, is a fibration and i/, is an acyclic cofibration. Hence MC5(ii) is also proved.

1 R). Passing to infinity, we know

Example 1.22. The category Top of topological spaces also carries a model category structure, we
set

(W):amap f : X — Y of topological spaces is in W if it is a weak homotopy equivalence.

(F):amap f : X — Y of topological spaces is a fibration if it is a Serre fibration, i.e. it has RLP with
respect to A x {0} &> A x [0, 1] for any CW complex A.

(C)amap f : X — Y of topological spaces is a cofibration if it has LLP with respect to all acyclic
fibrations.

Then the axioms MC are satisfied due to several facts.

Lemma 1.23. (i) Assume that X, =& X; = X, < ... is a sequence of closed subspaces, so that for any
i 20, (Xi11, Xp) is a relative CW pair, then for any finite CW complex A, we have:

colim, Homro,(A4, X,,) = Homrop(A, colim, X,)

(ii) In the above situation, we say the map X, — colim, X, is a generalized relative CW inclusion, then
any cofibration in Top is a retract of a generalized relative CW inclusion.

(iii) Similar to Lemma 1.21(ii), a map f : X — Y is a Serre fibration if it has RLP with respect to
D, x{0} = D, x[0,1],Yn > 1, here D, are genuine disk of dimension n. It is moreover a weak equivalence
if it has RLP with respect to "' — D,,¥n > 1.

Take F := {j, : D, x{0} = D, x [0,1]},-, a family of maps. As before, any map f : X — Y factors as



X = G=(F, f) 25 Y. For any p : M — N Serre fibration, we have

II. HS(n) D, ” M
!

L. s D x[0,1] —— G'(F, f) —— N

where the lifting [T, [Ts,) Dn % [0,1] — M exists since p : M — N is a Serre fibration. And by
universal property of pushout, i; has LLP with respect to p : M — N. And by construction, G!(F, f)
is homotopy equivalent to X, hence i; a weak equivalence. Passing to the colimit, we know that i, is
in (W) n (C). And p. is a Serre fibration due to Proposition 1.19 and Lemma 1.23. We thus construct
the factorization for MC5 (ii). MCS5 (i) is similarly proved.

As a corollary of Top being a model category, we can compute the homotopy class 7(A, X) from a
CW complex A to an arbitrary topological space X, is the set Homyo(rop)(A, X), simply because A x I
is a good cylinder object of A.

1.4 Quillen’s adjunction

Let C be amodel category and F : C — D afunctor. We first introduce the notions of left/right derived
functors of F.

Definition 1.24. As above, F : C — D functor with C model category. The left derived functor of
F is a pair (LF,t) universal by left among pairs (G, s), where G : Ho(C) —» D, s : Goy — F a natural
transform. The universality of (LF,t) (if exists) says there is a unique natural transform s’ : G — LF
such that the composition G o y k4 (LF) oy > Fisso Y-

Similarly, the right derived functor of F is a functor RF : Ho(C) — D universal by right.

Proposition 1.25. Let C be a model category, suppose F : C — D sends all weak equivalences between

cofibrant objects to isomorphisms, then the left derived functor LF exists.

Proof. We first prove that the restriction of F to C, identifies right homotopic maps. Assume that
f.g : A > Bmapsin C. such that f ~ g. Then there exists B! a very good path object for B and a
right homotopy map H : A — B'. Let p; : B — B be the composition of B' — B x B B Bi=01,
we know f = poH,g = p;H and let  : B — B’ be the structure map of path objects, we also have
pi o @ = idp. The map w is acyclic, by assumption B is cofibrant, so B’ is also cofibrant, hence F(w) is
an isomorphism. This shows F(p,) = F(p;) and thus F(f) = F(g).

So the restriction of F to C, induces a functor F/ : 7C. — D, where nC, has same objects as in C,
and morphisms are right homotopy classes. As before, denote the restriction functor C — zC. by

Q, it satisfies the proeperty that for any morphism f in C, if f is a weak equivalence, then Q(f) is
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a right homotopy class represented by a weak equivalence in C. So F'Q sends weak equivalences
in C to isomorphisms in D. By universal property of localizing, there exists a unique functor LF :
Ho(C) — D such that LF o y = F’Q. And we let the natural transform ¢ assigns each object X € C to
tx := F(px) : F(QX) — FX.

For any pair (G, s), the natural transform s : G — LF is given by assigning X € C to

sy = sox ° G (y(px)) "+ GX — G(QX) —~ F(QX) = LF(X)

It is not hard to verify that s is well-defined and that t - (s’y) recovers s. O

Definition 1.26. Suppose both C, D are model categories. Let F : C — D a functor, then a total
left derived functor of F is a functor LF : Ho(C) — Ho(D), defined as the left derived functor of
Ypeo F : C - Ho(D).

Similarly, a total right derived functor of F is a functor RF : Ho(C) — Ho(D), defined as the right
derived functor of yp o F : C — Ho(D).

Theorem 1.27 (Quillen). Let C, D be two model categories and assume that F : C < D : G adjoint
pair of functors, then:
(i) Assume that F preserves cofibrations and G preserves fibrations, then LF and RG exists and form an
adjoint pair:

LF : Ho(C) < Ho(D) : RG

(ii) Based on the assumption of (i), if we in addition suppose that for any cofibrant object A € C and fibrant
object X € D, f € Homp(F(A), X) is a weak equivalence if and only if its adjoint f’ € Hom¢(A, G(X))

is, then: LF and RG are inverse equivalences between homotopy categories.

Proof of Theorem 1.27. To use Proposition 1.25, we would like to first prove that the composition ypoF
sends weak equivalence between cofibrant objects to isomorphisms in Ho(D).

Note that the condition in (i) is equivalent to say that F preserves cofibrations and acyclic cofibrations
or (by adjunction) that G preserves fibrations and acyclic fibrations. In fact, assume f € Hom¢(A, B)
is an acyclic cofibration and g : X — Y any fibration map. If F preserves acyclic cofibration, then
X — Y has RLP with respect to F(A) <, F (B) (as in the right diagram)

A—" G(X) F(A) —“— X
A

fl lc(g) F(f)l / lg

B —— G(Y) F(B) —— Y

By adjunction, the commutative diagram in the left admits a lifting, this shows the equivalence

claimed.
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Similar to the first step in the proof of Proposition 1.25, we can prove

Lemma 1.28. Suppose F : C — D is a functor between model categories that sends acyclic cofibra-
tions between cofibrant objects into weak equivalences, then F preserves all weak equivalences between

cofibrant objects.

This shows that LF exists. The existence of RG is showed by dual argument for fibrations and fibrant
objects.

Now assume A € C is cofibrant and X € D is fibrant, then G(X) is fibrant since G preserves fibrations.
If f,g : A — G(X) are in the same homotopy class, there exists a good cylinder object AA I and a
homotopy H : AAT — G(X). One can verify that F(CAAT) — F(A) is again a good cylinder object of
F(A), and by adjunction this gives a homotopy between f” and g’ : F(A) — X. Combining its dual
argument, this shows there is a bijection 7(A, GX) = n(FA, X) when A is cofibrant and X is fibrant.

To show that (ILF, RG) is an adjunction pair, we want a bijection
Homyo(c) (A, RG(X)) — Homyop)(LF(A), X)
We only need to show this for A cofibrant and X fibrant. Recall the constructions
pa ix
@—=>QA—»A X <o RX —»x

we have

Hommyoe) (A, RG(X) "3 Homyso(o)(QA, G(R(X))) = 7(A,.GX)  G(R(X)) = R(G(X))

(vax)™),
=r(F(A), X) = Homyom)(F(Q(A)), RX) ~ — " Homuon)(LF(A), X)  F(Q(A)) = Q(F(A)).
This proves (i) of the Theorem. Now assume the condition in (ii) holds, then €4 : A — RG(LF(A))
map in Ho(C) which is adjoint to Idy r4). We know €4 is an isomorphism by above formula, and € gives

a natural transform from Id to RGLF. And there is a version for LFRG, we showed the equivalence
of (ii). O

Example 1.29 (An co-categorical example). Let Sety be the category of simplicial sets, i.e. category
of functors A°® — Set, where A has objects being ordered sets [n] = {0 < 1... < n}, and morphisms
are order-preserving maps. For n > 1 and 0 < i < n, we have a canonical order preserving bijection
[n — 1] = [n]\{i} and an inclusion d! : [n — 1] < [n]. Let So € Sety, the map d induces a map
Sn = Sp-1 called the face map. Similarly for n > 0 and 0 < i < n, we have a canonical surjection
st : [n+ 1] —> [n] which is constant on {i,i + 1}, the induced map s! : S, — S,4; is called the
degeneracy map.

Let X be a topological space, we can associate it with a simplicial set Sing, (X):
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For each [n] € A, we assign Sing,(X) = Homrep(|A"|, X) € Set, where A" is the n-simplex. And for

each a.[m] — [n] non-decreasing map, we assign it with |A™| = |A"| given by

|Am| d |An| : (tO"--’tl) = Z tis Z ti:"'s Z ti
a()=0 a(i)=1 a(i)=n

which induces a morphism Sing,(X) — Sing, (X). Moreover, for X, € Set,, there is a geometric

realization functor: |+ : sSet — Top, X, — |X,

, see for example [Lur, Tag 001X]. And there is an
adjunction pair:

lo| : Setp <= Top : Sing,
We can establish a model category structure on Set, by letting f : X, — Y, map of simplicial sets be
(W): weak equivalence if | f| is a weak homotopy equivalence in Top.
(C): cofibration if X[n] — Y[n],n > 0 is a monomorphism.
(F): fibration if f has RLP with respect to acyclic cofibrations.
Then Quillen shows the assumptions (i) and (ii) are satisfied, with respect to the model category
structures on Set, and Top (as in previous section). Hence there is an equivalence between Ho(Top)

and Ho(Set,). More importantly, the notion of co-category comes from a certain class in Set,.

Foranyn € Nand 0 < i < n, we let A" and A} € Set, to be

A" : A’ — Set[m] — Hom, ([m],[n]) note that |A"| is the geometric n-simplex;

A [m] - {a € Homp([m], [n]) | [n] € a([m]) u {i}} i-th horn in A"
Definition 1.30. We say S, € Set, is a Kan complex if it satisfies the following Kan condition:

[Kan] Any simplicial morphism o : Al — S, can be lift to a simplicial morphism A" — S,

foranyn € Nand 0 <i < n.

We say S, € Set, is an (oo, 1)-category or a weak Kan complex if it satisfies the following weak

Kan condition:

[weak Kan] Any simplicial morphism o, : A} — S, can be lift to a simplicial morphism A" — S,
foranyne€ Nand 0 <i<n.

Proposition 1.31. Let X € Top be a topological space, then Sing,(X) is an (oo, 1)-category.

Definition 1.32. For an ordinary small category C, define its nerve N,(C) € Set, so that Ni(C) is the
set of all functors [k] — C.

Proposition 1.33. For any small category C, its nerve No(C) is an (oo, 1)-category.

13
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If there is no ambiguity, we will use the terminology co-category instead of (oo, 1)-categorty. Also we
write Cat., the category of co-categories, with morphisms to be maps between simplicial sets.

As the name "category" is endowed to a weak Kan complex, we need first figure out its objects and
its morphisms. Let C be a weak Kan complex, which is in the form of S,, then we define the set of
objects of C to be the set S,. In the same spirit, the morphisms of C are defined to be S;.

For any f € S, recall we have face map d; and d], we put X := d{(f) as the source of f and
Y :=d)(f) as the target of f. For any X € S, there is degeneracy map s)(X), which we called the
identity endomorphism of X, denoted by 1.

Similar to the case of model categories, we can define the homotopy category of co-category, which
has more topological meaning. Again, let C = S, be an co-category and X,Y € Sp,let f,g : X =Y € S,
two maps in C, one can imagine that the homotopies between f and g lie in "higher" simplices. In

fact, o € S, is called a homotopy from f to g (denoted by f < g) if it satisfies
dy(0) = 1y,d;(0) = g,d;(0) = f.

We say f and g with same source and target are homotopic if there exists homotopy from f to g.
Also, for three objects X,Y,Z € C = Seand f : X —» Y,g : Y — Z, we say that a morphism
h : X — Z is a composition of f and g if there exists a ¢’ € S, such that

d(0) = g.d(0) = h,dX(0) = f.

Proposition 1.34. (i) Let X, Y, Z € C be objects in an co-category, denote by Ex y the subset of 1-simplices
of C contains morphisms X toY. Then homotopic relation defines an equivalence relation on Exy.
(ii) For two morphisms f : X — Y, g : Y — Z, there exists a composition h of f and g and all such

compositions are homotopic in Ex 7.

Proof. The idea of proof is that if f ~ g and f ~ h, want to prove that g ~ h. Under this assumption,
we have the left following (3,1)-horn of simplex A} — C:

By weak Kan condition, we find the bottom 2-simplex exists and gives homotopy g ~ h. Similarly for

(ii), we can consider the right above simplex. O]

Thanks to Proposition 1.34, we can define:

14



Definition 1.35. Let C be an co-category, define its homotopy category hC to be an ordinary cate-
gory with:

+ Objects Ob(hC) = Ob(C).
« Morphisms Homy¢(X,Y) = Hom¢(X,Y) / ~homotopy-

We have transitions between (small) categories and co-categories. Let C be an ordinary category, then
we can consider hN,(C) the homotopy category of Nerve of C. It is not difficult to verify that AN4(C) =
C. Conversely, starting with an co-category C, we can consider No(hC). First, let us construct a
morphism of simplicial sets C — N4(hC). Let o : A" — C be an n-simplex of C, its vertices give a
collection of objects X, X, ..., X, € Ob(C), its edges give collections of morphisms f;; : X; = X;, V0 <
i < j < n and homotopy classes [ f;;] € Homyc(X;, X;). Those data induce a functor [n] — hC and

thus an n-simplex in N4 (hC), say u(o). We obtain thus a morphism of simplicial sets
u: C—>Ny(hC); o ulo)
Proposition 1.36. For any test category D, we have the following composition of maps gives a bijection:

Homc,(hC, D) — Homygey, (N.(hC), N.(D)) = Homg,y, (C, N.(D))

15



1.5 Simplicial Categories

In Example 1.29, we have encountered the notion of Set, and we know that an (o, 1)-category is a
simplicial set with extra properties (weak Kan complex). In this section, we would use the notion of

localization to consider the "underlying" (oo, 1)-category structure of Model categories.

Definition 1.37. A simplicial category is a category enriched over Set,. We denote by Cat, the

category of small simplicial categories, where the morphisms are given by simplicial functors.

We can associate Cat, class of weak equivalences as following:
Let C,,D, € Caty and f : C, — D, simplicial functor is said to be a weak equivalence (also known

as Dwyer-Kan equivalence) if

« For any x,y € C,, the induced map Homg¢, (x,y) — Homp, (f(x), f(y)) is a standard weak

equivalence in Set, (defined in Example 1.29 above).
« f is essentially surjective, namely the induced functor Ho( f) is essentially surjective.
The class of fibrations in Cat, are those f : C, = D, such that
« For any x, y € C,, the induced map Homg, (x, y) — Homp, (f(x), f(y)) is a fibration in Set,.

« The induced functor Ho(f) is an isofibration, namely any equivalence f(x) — y in Ho(D,) can

be lift to an equivalence x — y in Ho(C,).

Remark 1.38. Under the above choice of class of fibrations, we can see the isofibration property
ensures that fibrant objects in Cat, are those categories enriched over Kan complexes, which is also
called locally Kan (see [Lur, Definition 00JY]).

Theorem 1.39. [Lur09, Proposition A.3.2.4] There exists a model category structure, called Bergner

model structure on Cat, given by class of weak equivalences and class of fibrations as above.

We denote by Catg,, the category of locally Kan simplicial categories, with fibrant replacement func-
tor R : Cat, — Catg,, as in Definition 1.14. as in Definition 1.14.
Let C, be a simplicial category, we associate it with a simplicial set N"*(C) called homotopy coherent
nerve of C,, given by

[n] € A® > Mapy,,, (Pathln].,C.)

where Path[n], is the simplicial path category of partially ordered set [n] (for general construction of
simplicial path category of partially ordered set, see [Lur, Notation 00KN]). We then obtain a functor
N(—) : Caty — Sety.
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Remark 1.40. Let C = C, be the ordinary category of C,, then we have monomorphism N(C) <
N(C). Take C, to be the constant simplicial category of ordinary category C (i.e. enriched by constant
simplicial set Hom¢(x, y)), then we have No(C) = N°(C).

Theorem 1.41 (Cordier-Porter). Let Co be a simplicial category that is locally Kan, then its homotopy

coherent nerve N'lC(C) is an oo-category.

Definition 1.42. We write Kan the simplicial category of Kan complexes, with natural simplicially

enriched structure. Define the co-category of spaces to be
S := N (Kan)

Proposition 1.43. The simplicial set S is an co-category.

Proposition 1.44. Forany S. € Sety, there exists a pair uniquely determined upto isomorphism (C., u)

of simplicial category Co andu : Sy — N™(C,) such that for any D, € Caty, there is a bijection
{SimplicialFunctor : Co — D.} = Map,, (Se, N"(D.,))

The functor N° : Cat, — Set, admits a left adjoint: Path[—]s : S, > Path[S]s := C,., where C, is the
simplicial category associated to Se as above.

Theorem 1.45. For the model category structure constructed on Catp above, there exists another model

structure on Sety called the Joyal model structure so that the adjoint pair

_—
Path[—]. : Setx L Caty : N°(-)
-

is a Qullien equivalence.
We give here the explicit construction of Joyal model structure of Set,:

« wesay foF : So = T, € Mor(Set joya1) morphism between simplicial sets is a weak equivalence

if Path[ f]. is a Dwyer-Kan equivalence in Cat,.
» The cofirations in Setx joya is given by monomorphisms.
« The fibrants in Set, joy.1 are those weak Kan complexes (i.e. co-categories).
Combining Theorem 1.41, 1.45 and Quillen’s Theorem 1.27 (ii), we can conclude the following slogan:

Slogan: RPath[—], and RN°(—) are inverse to each other (upto equivalence of categories) and

establish an equivalence between Cat., and Catg,y.
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1.6 Localization of Model/Simplicial Categories

We have seen in previous sections that one can construct the homotopy category of a model category
in a way of localization. We are going to see the underlying higher homotopy information, i.e. the

oco-category, of a model category. To quote:

Localizing a model category with respect to a class of maps does not mean making the maps into isomorphisms; instead, it
means making the images of those maps in the homotopy category into isomorphisms. Since the image of a map in the
homotopy category is an isomorphism if and only if the map is a weak equivalence, localizing a model category with respect

to a class of maps means making maps into weak equivalences.

Definition 1.46. Let (C, W) be a weak equivalence category, for objects X,Y € C, define for each
n € N a category Ham,C(X,Y) contains objects to be paths of the form

XK »>K«K—. —>Y

with morphisms to be

K; > Ky <
X ~ ~ Y
L, > L, <— /
And we define L7 (C, W)(X,Y) € Set, as
LIN. (Ham,cOx YY)/ ~

the coproduct of nerve of Ham,(X,Y) and quotienting the equivalence relation generated by inserting
or removing identity morphisms and composing composable morphisms. For X,Y,Z € C, it is clear
that one has composition map L¥(C,W)(X,Y) x LE(C,W)(Y, Z) — LE(C,W)(X, Z).

We thus obtain a simplicially enriched category L(C, W) € Cat,, called the hammock localization
of C with respect to W, given by Dwyer-Kan.

Remark 1.47. Recall that for an ordinary (small) weak equivalence category (C, W), one can define

its localization C[W™] to have objects same as C, with "set" of morphisms:
Homepw11(X,Y) :={X = K; « K, — ... > Y| all left arrows are in W}.

This construction can be generalized to W C C subcategory. We can verify the following:
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Proposition 1.48. We have equivalence of categories Ho (LH(C, W)) = C[W].

Here for a simplicial category D,, we take its homotopy category Ho(D) to have same objects as in

D, with Homy,p)(x, ¥) = mo(Mapp(x, )).

Proposition 1.49. Let C be a model category, recall that we have full subcategories C., Ct, Ct spanned
by cofibrants, fibrants and cofibrants-fibrants respectively. Then we have the natural maps

Lic, — Lfc — LEC,
with respect to weak equivalences that are equivalences of simplicial categories.

The co-category underlying the model category C with class of weak equivalences W is defined to be
Nmed(C) := RN (LH(C, W)) nerve of model category C
Moreover, in the category of marked simplicial sets, we have the equivalence

(Ne(O),W) = (N‘,“"C‘(C))lq

fo
Let W, — C, € CatlAl] be a map of simplicial categories, we can associate it with a simplicial category
C [W‘l] , sothatC [W‘l] L =G [Wn_ 1]. One can also generalize the hammock construction to this

fo
map of simplicial categories W, — C, € Cat[Al], denote by L(C,, W,) On the other hand, since Cat,
itself is a model category, we can define the localization with respect to f, that is relavent to model

structure. Consider the following diagram:

W, SN C.
p.T Tq. Pe, Ge cofibrant replacement; f, cofibration
W, = ¢,

then we define the Dwyer-Kan localization of W, it C. € Catl!! to be C[W]., which is weakly
equivalent to L(C,, W,).

We then want to promote Proposition 1.49 to simplicial version. To do that, we need first introduce

the notion of simplicial model category (not just a Sety-enriched model category!).

Definition 1.50. Let V be a closed monoidal category (i.e. for any v € C the tensor functor - ® v :
V — V admits a right adjoint Homy,(v,—) : V — V).
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We say a V-enriched category C is tensored if there exists — ® — : V x C — C such that
Hom¢(v ® ¢,¢’) = Homy,(v, Home(c,¢”)) Ve, ¢’ € C,vv €V
We say a V-enriched category C is powered if there exists — h — : V x C — C such that
Homc(c, M (v,¢")) = Hom,,(v, Home(c,¢)) Ve,c’ € C, v eV

Remark 1.51. In above definition, note that Hom is V-valued Hom of C. The category Set, is a
closed monoidal category, with Cartesian monoidal structure: (S. ® T.)n = S, x T, and the internal

hom is given by Homg, (Se,T,) : [n] = Homse, (Se x A[n],T,).

Definition 1.52. We say a simplicial category C, € Cat, is a simplicial model category if:
(i) Its underlying category C, has model structure.
(ii) It is tensored and powered over Set,.

(iii) For any cofibration X — Y in Set, and cofibration A — B in C, the induced pushout product
A®X
morphism AQY [] B® X —» B®Y is a cofibration in C,.

Remark 1.53. The model structure of Set, in above definition is taken to be the one as Example 1.29.

In particular, we find that Set, itself with this model structure is a simplicial model category.

Theorem 1.54. Let C, be a simplicial model category, then we have the following equivalences of sim-
plicial categories:
Cd = L(CT) = L7(Ca) « L7(C, W)

Namely, the two localizations of C, through model structure and simplicial structure respectively,
coincide. We write C,[W™!] := N°(C). In particular, one can find that the co-category of spaces,

also called co-category of co-groupoids is

S = Setx [W_l]
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2 DG Categories

2.1 Definition of DG Categories

The word "dg" is an abbreviation for differential graded. Let k be a commutative ring, then a dg
k-module is an Z-graded k-module V = €D, ., V" plus a differential map dy : V — V, such that oy is
of degree —1, i.e. dy(V,,) C V,,_; and 9% = 0. Equivalently, ({V"},.z , @) is a chain complex of k-modules.
The morphisms between DG k-modules are graded morphisms that preserves the differentials.

We denote by Ch(k) the category of chain complexes in k-modules=DG k-modules and Ch(Z) the
category of chain complexes in abelian groups. Morphisms in Ch(k) are chain complex maps.

There is a monoidal structure on Ch(k). For (V,dy),(W,dy), their tensor DG k-module is (V ®
W, dvew) where (V@ W), = D, -, Vp & W, and dvew(x ® y) = dv(x) ® y + (—1)%*x ® dy(y).

Definition 2.1. One particular example of DG k-modules is dg k-algebra. That is, a graded k-algebra

(As = {Au}nez  9)

whose multiplication map A ® A — A (of degree 0) compatible with a differential 0 : A, — A,_;. In

other words, the differential on A, would in addition satisfy the Leibniz rule

Ia(f - 8) = a(f)- g+ (1" f-04.(g)

Definition 2.2. A DG category (= differential graded category) over k is a category A that en-
riched over the category of chain complex of k-modules.

More explicitly, a DG category A consists of the data of:
« A collection of objects Ob(.A);

« For any X,Y € Ob(.A), the morphism is a DG k-module A(X,Y) = Hom4(X,Y).;

« For any X,Y,Z € Ob(A), the composition law
ozyx + AY,Z)® AX,Y) - A(X,Z)

which is linear and satisfies the Leibniz rule: (g o f) = (3g) o f + (=1)%&g o (9 f).

« For VX € A, there exists a unit 1y € A(X, X) for the composition.

Remark 2.3. We can deduce from definition that the collection of DG categories with one object X
is in bijection with DG algebras. Also, one can recover the underlying ordinary category .A° of DG
category A by taking Ob(.A°) = Ob(A) and Hom 4-(X,Y) are those 0-cycles in Hom 4(X,Y).. One can
deduce from d(1x o 1x) = d(1x) + d(1x) that 1x € Hom(X, X), is a 0-cycle.
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To establish a DG category A with an (oo, 1)-categorical structure, we need to construct something
similar to Nf°,

Example 2.4. Let A be aDG category, define N¥(A) € Set, with N%(A) contains pairs ({Xi}ogign A }Ig[n])
where X; € Ob(A) and for each I = {ip > i; > ... > i}, fi € Hom(X;,, X;, )k—1 such that

ko

k-1
ofi = Y (-1 (oo} © fisoony — fri) € Hom(X;,, X s

a=1

For non-decreasing function & : [n] — [m], define a* : N%(A) — N%(A) : ({Xi}ocicm Lfi}) —
({Xa(j)}o<j<n» 187}) by taking

fan  if @) is injective
g =idy, ifJ={jp > i} with a(jo) = i = a(ji)

0 otherwise.

Theorem 2.5. For DG category A, the simplicial set NE(A) is an co-category.
Proof. See [Lur, Theorem 00PW]. O
Example 2.6. The ordinary category Ch(k) of DG k-modules also has a DG enhancement. Let (C., §¢)

and (C., 5¢/) be two chain complexes of k-modules, we define

Chyy(K)(C., L) = P Chyy(R) (C..CL),

nez

so that Chge(R)(C., C}), contains f = {filiz, fi * Cc = C{,, that satisfies 6 o fir1 = fi o dc. The
differential on Chg,(k)(C,,C?) is given by

8 : Chyy(R)(C., C1)y — Chyg(K)(Ci, C)uer = f > 8cro f —(=1)"f 0 8¢

The composition in Chy, is the un-shifted composition of complex morphisms. Concretely let f €

Chy(R)(Cy, CL)p, g € Chye(R)(CL, C.),, then g o f € Chyg(R)(Cy, CL)piq is of the form

gof ={(g° Piher = {7 f*: G > Clipig )y

Definition 2.7. For A, B two DG categories, a DG functor from A to Bis a functor F : 4 — B
induces morphisms of DG k-modules A(X,Y) — B(FX, FY) that compatible with composition and
unit.

The category of small DG categories dgcat, is defined to have objects small DG categories over k and

morphisms to be DG functors.
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2.2 Structure of DG Categories

There is a monoidal structure on dgcat, inherited from the tensor product of DG k-modules. The
tensor product A ® B has objects (X,Y),X € A,Y € B with morphisms A ® B((X,Y),(X",Y")) =
A(X,X") ® B(Y,Y’). And clearly that dgcat, is further symmetric monoidal category.

Moreover there is an internal Hom in dgcat,. For 3,C € dgcat, we set Hom(3,C) a DG category
having objects F : B — C DG functors from B to C and morphisms Hom(F, G) is a DG k-module
with the grading Hom(F,G), = {g{) = (¢px € C(FX,GX)n) xc B} and natural induced differential.

Proposition 2.8. The functor Hom : dgcat, x dgcat, — dgcat, is an internal Hom, namely
Homggeat(A ® B, C) = Homggeat(A, Hom(3, C))

We see that dgcat, is a closed monoidal category. Moreover, there is a model structure on dgcat, .
Let A, B be two DG categories with F : A — B a DG functor. We say F is

- aweak equivalence if Vx, y € A, the induced map A(x, y) — B(Fx, Fy) is an quasi-isomorphism
of chain complexes and Hy(F) is an equivalence of categories.

« a fibration if Vx,y € A, the induced map A(x,y) — B(Fx, Fy) is a degreewise surjection of
complexes and Hy(F) is an isofibration.

Proposition 2.9. The classes above make dgcat, into a model category, called the Tabuada model struc-
ture. Moreover, the functor of DG nerve N¥ is a right Quillen functor, with respect to Tabuada model

structure on dgcat, and Joyal model strucutre on Set,.

Similar to the definition of homotopy category of an co-category (Definition 1.35) one can define the

homotopy category of a DG category, use the homotopy of chain complexes
Definition 2.10. Let .A be a DG category, define its homotopy category h.A4 to have:

« Objects to be the same as objects of A.

« Morphisms to be Hom; 4(X,Y) := Hy (Hom4(X,Y).),VX,Y € A.
Here H, denotes for the 0-th homology group of the chain complex.
Remark 2.11. For f, f/ € Hom(X,Y), in the chain complex Hom(X,Y)., we say they are homotopic
if there exists h € Hom(X,Y); such that d(h) = f — f’. In fact, as is depicted in Example 2.6, we can
regard 0-cycle f € Hom(X,Y), as degree 0 chain map and the homotopy h € Hom(X,Y), is the usual

definition of homotopy of chain complexes. In this case, taking H, is exactly quotienting homotopical

equivalence relations.

Proposition 2.12. Let A be a DG category, then there is an equivalence of categories INE(A) = hA,
where the LHS is the homotopy category of co-category.
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2.3 Dold-Kan correspondence

Recall that for topological space X, we can associate it with a chain complex which has C,(X; Z) freely
generated by Homrop(A", X) for each degree and the differential is induced by (alternating sum of)
face maps. On the other hand, we can define similarly for any simplicial abelian groups (i.e. those in

Set, valued in Ab) a chain complex. Let A, be a simplicial abelian group, define
C(A) = -5 A -5 Ag— 0 —> 0. (o) := I (~1)'d"(0),Yo € Apn > 1.
=0

One can verify that 9* = 0. In general for S, € Set,, denote by Z[S.] € Ab, the simplicial abelian
group generated by S,, the corresponding chain complex C.(Z[S.]) is the chain complex of S,.
Now start from a topological space X, its homology group can be interpreted as following: we first
take Sing,(X) to get a simplicial set then take H, (Z[Sing. (X )]), the result homology group is the
same as H,(X;Z).
Conversely, starting from a chain complex M,, one can construct topological space. Fix n > 0, let
N.(A"; Z) be the chain complex with each N,,(A"; Z) is generated by the collection of non-degenerate
(i.e. not the image of any degeneracy map) m-simplex of A" with differential

(o) = i(_l)i { d"(c) if d"(c) non-degenerate Yo € N.(A™:Z)

i=0

0 otherwise
One can verify similarly as above that N,(A"; Z) € Ch(Z). Define:
K.(M,) € Sety, with [n] = K,(M.) := Homcyz) (N.(A"; Z), M,.)

Example 2.13. (Eilenberg-Maclane Spaces) Recall for an abelian group G and n > 1, an Eilenberg-
Maclane space K(G, n) is referred to a topological space X such that 7,(X) = G, (X)) = 0,i # n.
For such G, n, we can associate with a complex G[n] that G concentrates in degree n, combining the
construction above gives us a simplicial set K,(G[n]). Then taking the geometric realization functor
‘K. (G[n])‘ gives a construction of K(G,n). The simplicial set K,(G[n]) is in fact a Kan complex=co-
groupoid, which is often denoted by B"G. Let us investigate two cases, when n = 0, 1.

When n = 0, a chain map N, (A™;Z) — G[0] is given by

i —— N (A™Z) —2— NJ(A™Z) —— 0
(gij)0§i<j<m=0l l(go ,,,,, gm)
> 0 > G > 0
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The commutativity of the square requires that g; — g; = 0, Vi < j, which forces (g, ..., gn) = (o, .- £)-
We can see in this case K,(G[0]) is the constant simplicial abelian group G.
When n = 1, a chain map N, (A™;Z) — G[1] is given by

e — Ny(A™Z) —2— Ny(A™Z) —2— Ny(A™; Z)

(8ijido<i j<k§m:0l (gij)o<i<j<ml l

> 0 > G > 0

The commutativity of the square requires that g;; — g + gjx = 0,V0 < i < j < k < m, we can see in

this case K.(G[1]) is the classifying simplicial set BG, which is in fact again simplicial abelian group.

The construction of N,(A™;Z) can be generalized to any simplicial abelian group as following: For
A. € Ab,, consider the subcomplex D.(A,) C C.(A.) that each D,(A,) is generated by image of
{s{l‘l D Ay & An} .- It is not difficult to show that d(D,(A.)) C D,-1(A.) and we take

0<i<n—

N.(A,) :=C.(A,) / D.(A.) normalized Moore complex of A,

Theorem 2.14 (Dold-Kan correspondence). The functor of normalized Moore complex N, : Aby, —

Ch(Z)~, is an equivalence category, with inverse functor Ko : M, — K¢(M..).

The Dold-Kan correspondence 2.14 can be generalized in several forms. An important one for de-
rived algebraic geometry would be that replacing Ab, with Rings, or CAlg,, which brings in more
structures on one side of Dold-Kan. We are going to see that the other side would be upgraded from

connective chain complexes to connective (commutative) DG algebras.

Definition 2.15. Let A be a DG algebra, it is said to be a commutative differential graded algebra
if the multiplication map p on A is super-commutative, i.e. u(a ® b) = (—1)*" (b ® a). We denote by
dga, the category of DG k-algebras and by cdga, subcategory of commutative DG k-algebras. Also,

. > > .
we use the notation dga;® and cdga;’ for connective ones.

Remark 2.16. Note that both sides of Dold-Kan correspondence are monoidal category, and the two
functors are both lax monoidal functor individually. However, they fail to be a monoidal adjunction.
Instead, one can have a monoidal Dold-Kan correspondence by considering the monoids in both sides.
In particular, the monoids in Ab, are Rings, and the monoids in Ch(Z)~, are dga_’. Then we have

the following monoidal Quillen equivalences (with modified Dold-Kan functors):
& — —

cdga;’ L (CAlgk) Zp L cdga;’ and (CAlgk) Zp 1 cdga;”’
e~ - -
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Remark 2.17. As mentioned above that Dold-Kan correspondence is a Quillen adjunction, in fact one
can verify that there is a model structure on dga,, cdga,, dga;’, cdga;’ which is transferred from the
one on category of DG k-modules, when char(k) = 0. Concretely, the weak equivalence on category of
chain complexes Ch.* is given by quasi-isomorphism the fibration is given by degreewise surjection.

In general, we can consider the adjoint pair:

Symy,
>0 >0
Ch; il cdga;,

Fgt

where Fgt is the forgetful functor and Sym, is symmetric algebra functor that is left adjoint to Fgt
(regardless of char(k)). When char(k) = 0, then the above adjoint pair is in fact a Quillen adjunction
under the above model structure on cdgaf ° However, when char(k) > 0, it fails to transfer the model
structure on Ch;’ to cdga; . Let us consider the following example: the complex [O SkSk-o|is
nullhomotopic, i.e. weak equivalent to 0 in Ch;’. Assume the first k occurs in the complex is in degree
n =2m,m > 1 and the second in degree n—1, then Sym, ( (0 — k k=0 ) has underlying algebra
k[x, y] with deg(x) = n,deg(y) = n— 1, moreover, it is cdga with differential d(x) = y,d(y) = 0. If we
further assume char(k) = 2, then d(x%) = 2xy = 0, which means H**(k[x, y]) # 0, since x* is not the
boundary of some element. Meanwhile Sym, (0) = k has trivial homology at degree 2n.

For char p, the corrected replacement of DG algebras is E.-algebras.
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