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1 Preliminaries on Smooth Vector Bundles

In this section, we review some basic operations on smooth vector bundles, in particular the tensor product
and pullback of vector bundles, as well as tensor bundles and tensor fields.

Let E and F be two smooth vector bundles over a smooth manifold M with typical fibers V and W,
respectively.

1.1 Tensor Product of Vector Bundles

The tensor product of the vector bundles £ and F is a vector bundle E ® F over M with fiber V® W. The

total space is given by
E®F =| |(E,®F)).
pEM

Given local trivializations (U, ¢) for E and (U, ¥) for F, we can construct a local trivializations
(U, ¢ ®y) for E® F by defining

alU) — Ux((VeWw)

wev: { p®Wy (D bp(Vp) @ Up(Wp)).

Lemma 1.1. There is a canonical isomorphism of C*(M)-modules
I'EQ®F)=TI(E) ®c> (M) I'(F).

In particular, the sections T'(E ® F) of the tensor product bundle E ® F is generated, as a C*(M)-module,
by sections of the form s ® t with s € ['(E) and t € I'(F).

Proof. The desired map
D : I(E) @couny T'(F) — I(E® F),

is defined on simple tensors by
st (p > 5,81)).

We leave it to the reader to verify that @ is a well-defined C*(M)-linear isomorphism. O

1.2 Pullback Bundle

Let f : N — M be a smooth map between smooth manifolds. The pullback bundle f*E is a vector bundle
over N with fiber V. The total space is given by

['E= |_| Ef(g)-

qeN

Given a local trivialization (U, @) for E, we can construct a local trivialization (f~1(U), f*¢) for f*E
by defining
Fo { ) — XV
. @ Vi) v (4P (Vig))-

Lemma 1.2. Let f : N = M be a smooth map between smooth manifolds, and let E be a smooth vector
bundle over M. There is a canonical isomorphism of C*(N)-modules

F(f*E) = COO(N) Qc=(m) F(E)




Remark . Note that the tensor product C*(N) ®c~) I'(E) is taken over the ring C* (M), where the
C*(M)-module structure on C*(N) is induced by the pullback map f* : C*(M) — C*(N),h +— ho f.
Moreover, this tensor product is a naturally equipped with a C*(N)-module structure via multiplication
on the first factor, i.e., on simple tensors,

g-(h®s)=(gh)®s, g, he C(N),s eT(E).

Proof. The desired map
@ : C*(N) ®c=~) ['(E) — I(f"E),

is defined on simple tensors by
g®sr—g-(sof)
We leave it to the reader to verify that @ is a well-defined C*(N)-linear isomorphism.

Another way of seeing this isomorphism is to use the sheaf-theoretic description of sections. It suffices
to construct a sheaf isomorphism

D:Cy ®pice [T'ESF,

and the desired isomorphism on global sections follows by taking I'(N, —). Here, Cyy and Cj; denote
the sheaves of smooth functions on N and M respectively, & denotes the sheaf of sections of E, and ¥
denotes the sheaf of sections of f*E. O

1.3 Tensor Bundle and Tensor Fields

We now introduce tensor bundles and tensor fields, which are fundamental objects in Riemannian
geometry.

Definition 1.3. The fensor bundle of type (r, s) over a smooth manifold M is the smooth vector
bundle 7] M defined by

TIM :=(TM* (T"M)* =TM® - TMRT*M®---®@T*M.

r times s times

Its smooth sections are called tensor fields of type (r, ). The integers r and s are called the covariant
degree and contravariant degree respectively.

More generally, if E is a smooth vector bundle over M, we define the tensor bundle of type (r, 5)
with values in E by 7/ M ® E. Its smooth sections are called tensor fields of type (r, s) with values in
E.

Remark . Note that if E = M X R is the trivial line bundle over M, then I'(E) = C*(M). Hence, tensor
fields of type (r, s) with values in the trivial line bundle are simply tensor fields of type (7, s).

Moreover, if E = TM is the tangent bundle, then tensor fields of type (r, s) with values in T M are
tensor fields of type (r, s + 1). Similarly, if £ = T*M is the cotangent bundle, then tensor fields of type
(r, s) with values in T*M are tensor fields of type (r + 1, s).



Lemma 1.4. Let T € I'(T/M ® E) be a tensor field of type (r, s) with values in E. Let U C M be
a coordinate neighborhood with local coordinates (x', ..., x"), and let (e, ..., ey) be a local frame of
I'(Ely). On U, the section T can be uniquely written as
Tly = T;'.ll"'.";f‘;“ 0, ® 80, ®dx' ® - @dx” ® e,, T;‘]:""j’;“ e C®(U),

where indices iy, j¢ run from 1 to n, and a runs from 1 to k (with the Einstein summation convention
understood).
Moreover, if V. C M is another coordinate neighborhood with local coordinates (¥',...,%"), and if
(81,...,6x) is a local frame of T'(Ely), then on the overlap U NV, the components of T transform
according to the rule _ '

i _ X1 OxT OFhOFh kg

Jieds oxki Ok Hxi OxJs gﬁ .y
where gg € C*(U N V) are the components of the transition function g : U NV — GL(n,R) of the vector
bundle E with respect to the local frames (ey,...,e;) and (&1, ..., ¢ex).

Proof. The existence and uniqueness of the local expression of T follows from the fact that {9;} and
{dx’} form loc_al _frames of TM|y and T* M|y respectively, and {e,} is a local frame of I'(E|y). The
components T;.‘l'.""’j’;“ are smooth functions on U because T is a smooth section.

To derive the transformation law, we express the local frames in V in terms of those in U. The change

of coordinates gives
. ox! oxt .
O = —0;, di' = — dx’,
NPT OxJ

and the change of frame for the vector bundle E gives
ép = ggea.
Substituting these into the expression for 7’|y, we have
Tlynv = T} 0k, ® -+ @0y, @dF" @+~ @ dF" ® &

7 ox" dx"r o o
= lellli(ha (iall) R --® (ia )® (i dx]]) [ I ®( X dx,].v) ® (ggea)

oxk oxkr " OxJ OxJs

_ ox' dxir 9xh Axls a/Tklmkrﬁ

= o own  oehS8ln 0n® @0, 8dx @ - @dx" ® e

By uniqueness of the local expressions, we can compare this with the expression for 7’|y, and we obtain
the desired transformation law for the components. O

Theorem 1.5. Let M be a smooth manifold and (E, M, r,V) be a vector bundle over M. Then, any
tensor fields of type (r, s) with values in E identifies with C*(M)-multilinear maps

QM) x - x Q' M) X X(M) X - - - X ¥(M) - [(E).

r times s times

More precisely, there is a canonical isomorphism of C*(M)-modules

[(T7M ® E) = Multcer(Q (M) x X(M)°, T(E)).

Proof. Let us denote the desired map by

¥ : T(T7M ® E) — Multceo)(Q' (M) x X(M)*, T(E)).




By definition of the tensor bundle, a section T € I'(7] M) assigns to each point p € M an element
T(p) € (T§)pM ® E,. Using the standard correspondence between tensor products and multilinear maps
(see lemma ?7?), we can identify

(T))pM ® E, = Multp(T,M" x TyM°*, E,,).
Hence, it is natural to define

QM) x X(M)* — T(E)

‘P(T)‘{ @ @ X1 X > (p > T(Y@ D). @ (P X1 (D). X))

To check the smoothness, let U € M be a coordinate neighborhood with local coordinates (xl, Lo XM,
and let (e, ..., ex) be alocal frame of I'(E|y). On U, the section T'|y can be uniquely written as

Tly =T} "0, ® - ®0;,8d ® - ®dx' ®e,, T eC(U).

Now, take r one-forms w', ..., w" € Q' (M) and s vector fields X1, ..., X, € X(M), and write them in
the local frame . .
of =ofdy, X, =X0;, WX eC™U).
Then, on U, we have

1 _ pitedna, 1 J1 Js
V(D)@' X1, Xl = T 0] - wlf XT - XUrea,

which is a smooth function on U as a sum of product of smooth functions times the local frame. Since
M can be covered by such coordinate neighborhoods, (T, ..., X,) € T(E) is globally smooth.
Moreover, W(T') is C*°(M)-multilinear because T'(p) is R-multilinear for each p € M. Similarly, one can
check that ¥ is C*°(M)-linear. Thus we obtain a natural C*°(M)-linear map.

Hence, it remains to show that ¥ is an isomorphism. To see that ¥ is injective, suppose that (7)) = 0.
Then, for all p € M and all g-‘i € T;M, vj € T,M, we have

T(P)E,....& Vi, ..,vy) =0 € E,,.
Since T'(p) is a multilinear map, this implies that 7(p) = 0 for all p € M, and hence T = 0.

Now, to see that ¥ is surjective, let
L € Multcsn(Q1 (M) x X(M)*, T(E)).

We construct a section T € I'(7] M) locally. Choose a coordinate neighborhood U € M with local
coordinates (xl, ..., x™"), and choose a local frame (ey,...,e;) of I'(E|y). Then, on U, we can write
(uniquely)

i i . N — gritedna i]...0pa 00
L{dx",...,dx",0;,...,0;) = Tj]...jrx €y, le...jrs e C™(U),

so that the components T]i.‘l'.'.‘."j'."f“ define a smooth section of 7 M|y ® E|y.

To show that these local sections glue to give a global section 7' € I'(7] M ® E), it suffies to check that
the components transform according to the transformation law of tensor fields. For this, we use another
coordinate neighborhood V € M with local coordinates (&,...,%), and let (&1, ..., &) be a local frame
of I'(Ely). On V, we can similarly write

LR, ... d5*.5),.....0,) = T\ \Pep, TP e c™(v).

On the overlap U N V, we can write the change of coordinates as

- Ox/
5 =2



and the change of frame for the vector bundle E gives
éﬁ = ggea ’

where gg € C*(U N V) are the components of the transition function g : U NV — GL(n, R) of the vector
bundle E with respect to the local frames (ey, ..., ex) and (éy, ..., &).

o ;
ﬁdx,...,6xirdx,ﬁ8jl,...,ﬁ
B ik ik oxn Ax’s
Coxt gxh g 9k
_ aikl chkf 6le 6st iy
B R TR TR B

On the other hand, when expressed in terms of the local frame on I'(E|y), we have

Ldih,...,di,8,,...,06,) =L

Then, we can express Ldi, ..., di, 511 yens ,54) in terms of the local coordinates on U as
ok oxh Ox’s
’ 9j,

Ldx",...,dx",0;,...,0},)

-

~ ~k, 3 3 =ki..ky,
L@, ..., d#",dy,...,0,) = T)"""Pghea.

Comparing these two expressions, we obtain the desired transformation law for the components. Thus,
the local sections glue to give a global section T € I'(7, M ® E) such that ¥(T') = L. This shows that 'V is
surjective. m|

2 Connections on Vector Bundles

A connection on a vector bundle generalizes the notion of directional derivatives (or differentiation of
vector fields) from Euclidean space to curved spaces or more general manifolds.

Definition 2.1. A connection, or covariant derivative, on a smooth vector bundle E — M is a
R-linear map
V:I(E) > T(T"M ® E)

satisfying the Leibniz rule
V(fs)=df®s+ fVs

for all f € C*(M) and s € I'(E).

Equivalently, by theorem 1.5, a connection can be viewed as a map
V:XM)XT(E) > T(E), (X,s) Vxs:=(Vs)X).
satisfying the following properties for all X, Y € X(M), s,t € I'(E), and f € C*(M):
(1) Vixyys = fVxs+ Vys (C®(M)-linearity in the vector field argument),
(i) Vx(s+f) = Vxs + Vxt (linearity in the section argument),
(iii) Vx(fs) = X(f)s + fVxs (Leibniz rule in the section argument).

The Leibniz rule implies that V is a local operator, i.e., the value of Vs at a point p € M depends only
on the germ of s at p. More precisely, we have the following proposition.

Proposition 2.2. Let V be a connection on a smooth vector bundle E — M. If sy, s, € I'(E) are two
sections such that si|y = s2|y on some open set U C M, then

(Vsplu = (Vs2)lu.




Proof. By linearity of V, it suffices to show that if s vanishes on U, then Vs vanishes on U. Fix p € U,
and choose a bump function f € C*(M) such that f = 1 on some neighborhood of p and supp(f) C U.
Since s vanishes on U and f vanishes outside U, the product fs must vanish on M. Applying the Leibniz
rule,

0=V(fs)=df®s+ fVs.

Evaluating at p, we get
0 =(df)p®s(p)+ f(p)Vs)(p) = 1-(Vs)(p),

which shows that (Vs)(p) = 0. Since p was arbitrary, we conclude that Vs vanishes on U. m|

Lemma 2.3. Let V be a connection on a smooth vector bundle E — M. If X1, X, € X(M) are two vector
fields such that X,|, = Xa|, at some point p € M, then for any section s € I'(E),

(VXI S)p = (VXZS)[J

Proof. By linearity of V in the vector field argument, it suffices to show that if X vanishes at p, then Vxs
vanishes at p. By definition, Vs € [(T*M ® E), so (Vs), : T,M — E,, is linear. Thus, if X, = 0, then

(Vxs)p = (V8)p(Xp) = (Vs),(0) = 0,
as desired. O
This lemma shows that the value of Vys at a point p only depends on the value of the vector field X

at p. In particular, this means that it makes sense to write Vy s for any tangent vector X, € T;,M: one
simply chooses a vector field X with X|, = X, and defines

VXpS = (VXs)p.

2.1 Local Expression of a Connection

Let E be a smooth vector bundle over a smooth manifold M, and let V be a connectionon E. Let U C M

be a coordinate neighborhood with local coordinates (xl, ...,x"),and let (eq, ..., e) be alocal frame of
[(Ely).
Definition 2.4. The Christoffel symbols of V with respect to the local frame (e, ..., e;) are the

smooth functions Ff.‘j € C*(U) defined by
Ve; = Ff.‘j dx’ ® e,

or equivalently,
Ve =T

More compactly, we can define I'; € I'(End(E|y)) by I'i(e;) = Fﬁfjek, so that

Ve; = dx' ®T(e)).

2.2 Pullback of Connections

When pulling back a vector bundle via a smooth map, one can also pull back a connection on the original
bundle to obtain a connection on the pullback bundle in a natural way.




Proposition 2.5. Let V be a connection on a smooth vector bundle E — M, and let f : N - M be a
smooth map. Then, there is a unique connection f*V on the pullback bundle f*E — N such that

(f*Dx(so f) = f*(Varx)s),

forall X € X(N) and s € T'(E).
Moreover, for any smooth map g : P — N, the pullback connection satisfies

(fo@)'V=g"(f"V).

Remark . In the statement of the lemma, the notation f*(V4y(x)s) must be interpreted carefully, because
df(X) is not a vector field in general. What is really meant is that for each point p € N,

(" Varxo)p = (Va, 1)) ) € Efip) = (fE)p,

where we use Lemma 2.3 to ensure it is well-defined. Note that if f were a diffeomorphism, then d f(X)
would define a vector field on M, and the notation f*(V,sx)s) would indeed correspond to the above
formula. However, in general, it should always be understood pointwise at each p € N.

Proof. Using the canonical isomorphism of C*(N)-modules (see lemma 1.2)
O : C*(N) ®c~m) I'(E) = I'(f°E), Oh®s)=h(so f),
we can conveniently define the pullback connection.
For each X € X(N), let
Dx : C*(N) ®c=(u) ['(E) — C*(N) ®c=u) [(E)
be the R-linear map given on simple tensors by
Dx(h®s)=X(h)®s+h®Vgpx)s.

A direct computation using the Leibniz rule for V shows that Dy respects the balancing relations: for all
g € C*(M), one has

Dx(h®(gs)) = X(h) ® (8s) + h ® Varx)(gs)
= X()(go s+ (hX(go ))®s+ (h(go f)® Varx)s
=X(h(go s+ (h(go ) Vairx)s
= Dx((h(g o ) ®s),
hence Dy is well defined on the tensor product.
We then define a R-linear map (f*V)x : I'(f*E) — ['(f*E) by
(f*V)x = ®oDxo®",
On a generator A(s o f) € I'(f*E) this gives

(f*Vx(h(s o £)) = X(h)(s o f) + hf*(Vapx)s),
and in particular (f*V)x(s o f) = f*(Varx)s), as desired.

To verify the Leibniz rule, it suffices to check it on sections of the form A(s o f) by linearity in the
section argument. For g € C*(N), we have

(f*"V)x(gh(s o ) = (f*V)x((gh)(s o [))
= X(gh)(s o f) + ghf" (Varx)s)
= X(g)h(s o f) + g(X(W)(s o f) + hf*(Vasx)s))
= X(g)h(s o f) + g(f*V)x(h(s o f)).




Thus f*V defines a connection on f*FE.

Finally, the connection is uniquely determined by the given formula: if V is another connection on
f*E such that Vx(so ) = f*(Vagxys) for all s € I'(E), then by the Leibniz rule and the fact that sections
of the form s o f generate ['(f*E) as a C*(N)-module, we must have V=V.

For the second part, let g : P — N be a smooth map. For any X € X(P) and s € I'(E), we have
& (f*V)x(s o fog) =g ((f*Vagx)(s o f))
= 8" (f* (Var(gx)s))
= (f 0 8" (Va(fog)x)5)
=((fo8)V)x(so foyg),

which shows that (f o g)*V = g*(f*V) by the uniqueness of the pullback connection. O

3 Affine Connections

Let M be a smooth manifold with a connection V on the tangent bundle 7M. Such a connection is called
an affine connection on M. Since I'(T M) = X(M), we can view V as a map

V: X(M) x X(M) — ¥(M), (X,Y) > VyY.

3.1 Extension to Tensor Bundles

It is reasonable to ask whether an affine connection on M extends to a connection on all tensor bundles
over M in a natural and compatible way. This is indeed the case, as stated in the following lemma.

Lemma 3.1. Given an affine connection V on M, there is exists a unique connection on each tensor
bundle T]M, also denoted by V, satisfying the following property:
(i) Compatibility with the natural pairing: For all X,Y € ¥(M), and w € Q' (M),

X(w,Y) =(Vxw,Y) +(w, VxY).
(ii) Leibniz rule for tensor products: Forall X € X(M), T e I(T /M), and S € F(‘Tsr,'M),

VxT®S)=(VxT)®S +T ®(VxS).

Proof. To show existence, we first define the connection on 1-forms. The property (i) forces us to
define, for all X, Y € ¥(M) and w € Q' (M),

(Vxw)(Y) = X(w(Y)) — w(VxY).
One must check that this definition indeed gives a 1-form: for f € C*(M),

(Vxw)(fY) = X(w(fY)) — w(Vx(fY))
= X(NHw() + fX(w(Y)) - X(Hw) - fu(VxY)
= f(Vxw)(Y),
which shows that Vyw : X(M) — C*(M) is C*(M)-linear, hence a 1-form. Moreover, one can verify
that V satisfies the properties of a connection: it is clearly C*(M)-linear in the vector field argument
and linear in the 1-form argument, so it remains to check the Leibniz rule in the 1-form argument. For
f € C®(M), we have
(Vx(fo)¥) = X(fw)(¥) - fw(VxY)
= X(Nw(¥) + fX(w(Y)) - fu(VxY)
= X(Hw(¥) + f(Vxw)Y),




as desired.

Next, we define the connection on general tensor fields by using property (ii). For simple tensors
T=0'® - ®uw oY ® &Y, with o' € Q(M) and Y; € X(M), we set

,
VXT:Zwl®---®an)i®---®wr®Y1®---®Ys
i=1
A
+Zw1®---®wr®Y1®---®VXY]~®---®YX.
J=1

One can check that this definition extends uniquely to all tensor fields by linearity, and that the resulting
map V : X(M) xI'(7] M) — I'(T] M) satisfies the properties of a connection.

Note with this construction, the connection on a general (7, s)-tensor field ' € I'(7] M) can be
expressed as

(VXT)((Ul""aa)r’ Y]a""YS) = X(T(w17"'>a)r9 Y]a’YS))

.
+ZT(wl,...,VXa)i,...,a)r,Yl,...,Ys)
i=1

S
—ZT(wl,...,w’,Yl,...,VXYj,...,YS),
j=1

Uniqueness follows from properties (i) and (ii) together with the fact that tensor fields can be expressed
as linear combinations of tensor products of vector fields and 1-forms. O

3.2 Torsion and Curvature

With an affine connection V on M, we can define two important tensor fields: the torsion tensor and the
curvature tensor.

Definition 3.2. The torsion tensor of V is the (1, 2)-tensor field 7" defined by
TX,Y)=VxY-VyX-[X,Y]

for all X, Y € X(M). We say that V is torsion-free if T = 0.

Lemma 3.3. The torsion tensor T of V is indeed a (1, 2)-tensor field. Moreover, T is skew-symmetric,
ie, TX,Y)=-T(,X).

Proof. It suffices to show that 7 is a (0,2)-tensor field with values in TM, or equivalently, that
T: X(M) X X(M) - X(M) is C*(M)-linear in both arguments. Indeed, for the first argument, we have

T(fX,Y) = Vx¥ = Vy(fX) - [fX, Y]
= fVxY =Y(H)X - fVyX + Y()X
= f(VxY - VyX - [X,Y]) = fT(X,Y).

For the second argument, linearity follows directly from the skew-symmetry of 7. |




Definition 3.4. The curvature tensor of V is the (1, 3)-tensor field R defined by
R(X,Y)Z =VxVyZ - VyVxZ - VixyiZ

forall X, Y,Z € X(M). We say that Vis flat if R = 0.

Lemma 3.5. The curvature tensor R of V is indeed a (1, 3)-tensor field. Moreover, R is skew-symmetric
in the first two arguments, i.e., R(X,Y)Z = —R(Y, X)Z.

Proof. It suffices to show that R is a (0, 3)-tensor field with values in TM, or equivalently, that
R: X(M) X X(M) X X(M) — X(M) is C*(M)-linear in all arguments. Indeed, for the first argument, we

have
R(fX,Y)Z = VxVyZ - VyVxZ = Visxy|Z

= fVXVyZ - Vy(fVxZ) - Vixyl-v(HxZ
= fVxVyZ - Y()VxZ - fVyVxZ + Y(/)VxZ - fVix1|Z
= f(VxVyZ - VyVxZ - VixnZ) = fRX, V)Z.

For the second argument, linearity follows directly from the skew-symmetry of R in the first two arguments.
For the third argument, we have

RX, Y)(fZ) = VxVy(fZ) = VyVx(fZ) - Vixr(fZ)
= Vx(Y(N)Z + fVyZ) = Vy(X()Z + fVXZ) = (X, YI()Z - fVixnZ
= X(Y()NZ+Y()VxZ + X(f)VyZ + fVxVyZ
- Y(X(f)NZ - X(f)VYZ = Y(/)VxZ — fVyVxZ
~ X, YI(HZ - fVixnZ
= f(VxVyZ - VyVxZ - VixyZ)
= fR(X,Y)Z,

as desired m]

3.3 Levi-Civita Connection

Given a Riemannian manifold (M, g), it is natural to ask whether there exists an affine connection on M
that is compatible with the metric g in some sense. The following definition makes this notion precise.

Definition 3.6. An affine connection V on a Riemannian manifold (M, g) is said to be metric
compatible if Vg = 0, i.e., for all X, Y,Z € X(M),

XY, 2)) = g(VxY, Z) + g(Y, VxZ).

More generally, an affine connection V on a smooth manifold M is said to be compatible with a
tensor field 7" if VT = 0.

Lemma 3.7. Let (M, g) be an oriented Riemannian manifold with Riemannian volume form vol,. If V is
compatible with g, then V is compatible with vol,.

Proof. Let(ey,...,e,) be alocal orthonormal frame of 7'M over an open set U C M compatible with
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the orientation, so that vole(ey, ..., e,) = 1. For any X € X(M), we have

n

(Vx volp)er,. .., en) = X(volg(ey, ..., e,)) — Z volg(er,...,Vxei ... e,)
i=1

n
=— Z volg(ey, ..., Vxe;, ... e,).
i=1

Since V is metric compatible, we have for each i,
0 = X(g(ei, e) = 28(Vxei, €;),
which implies that Vxe; is orthogonal to e;. Therefore,
volg(ey,...,Vxei,...,e;) =0,
because an alternating form vanishes when two arguments are linearly dependent. Hence,
(Vx volg)(er,...,e,) = 0.

Since this holds for any local orthonormal frame and vol, is determined by its values on such frames, we
conclude that Vx vol, = 0 for all X € X(M). ]

Theorem 3.8 (Levi-Civita). Given a Riemannian manifold (M, g), there exists a unique affine connection
on M that is both torsion-free and metric compatible. This connection is called the Levi-Civita connection

of (M, ).

Proof. Let V be a connection on 7M. The condition for V to be metric gives three equations

XY, 2)) = g(VxY, Z) + g(Y,VxZ),

Y(g(X,2)) = g(VyX,Z) + g(X, VyZ),

Z(g(X,Y)) = g(VzX,Y) + g(X, VzY).
Adding the first two equations and subtracting the third, we get

XY, 2)) + Y(8(X,2)) - Z(g(X, Y))
=g(VxY + VyX, 2) + g(VxZ = VzX, Y) + g(VyZ = VzY, X).
The condition for V to be torsion-free gives three more equations
VxY -VyX=[X,Y], VxZ-VzX=[X,Z], VyZ-VzY=1[Y,Z].
Substituting this into the above equation, we obtain
XY, 2)) + Y(8(X,2)) - Z(g(X, Y))
=28(VxY,2) - g([X, Y], Z) + g(IX, Z],Y) + g([Y, Z], X).

Rearranging gives the Koszul formula
1
§(VxY.2) = 5(X(5(X.2) + ¥(8(X. 2)) - Z((X. V) + 8([X. Y1.2) - g((X.ZLY) - g([¥. 2L, X)).

Since g is non-degenerate, this formula uniquely determines VY for all X,Y € X(M). Indeed, the
non-degeneracy of g implies that for each fixed X, Y, the map Z — g(VxY, Z) is a linear functional on
T, M for each p € M, and thus there exists a unique vector VxY(p) € T\, M such that this holds for all Z.
Varying p, we obtain a unique vector field VxY. This shows the uniqueness of the Levi-Civita connection.
However, we need to show the smoothness.

It is straightforward to verify that the connection defined by this formula is indeed torsion-free and
metric compatible. |
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4 Covariant Derivative along a Curve

Let M be a smooth manifold, and let E — M be a smooth vector bundle over M equipped with a
connection V. We would like to define the notion of covariant derivative of sections of E along a smooth
curvey : I - M, where I C R is an interval.

Concretely, a section of E along y is a smooth map
s:1—>E, s()ekE,forallzel.
Equivalently, one can view s as a smooth section of the pullback bundle y*E — 1,
s € T(y"E),
as its fibers are precisely (y*E); = E, fort € I.

With this perspective in place, we can now define the covariant derivative of such sections along y in
a way that is compatible with the connection V on E.

Definition 4.1. The covariant derivative along -y with respect to V is the unique R-linear operator

Doty e, 5o 28
_: _) N —
dt Y 4 s dt

characterized by the following two properties:

(i) Leibniz Rule: For all f € C*(I) and s € ' (y*E),

D(fs) d_fs
dt  dt

Ds
+ f—.
f dt
(i1) Compatibility with V: If 5(r) = oy, for some o € I'(E), then

Ds
E(I) = (Viy(90 )y, forallrel.

The covariant derivative along  is also denoted by V.

Remark . In the case where V is an affine connection on M, i.e., E = T M, the covariant derivative along
v is defined on vector fields along y. This definition can be extended to tensor fields along y since the
connection V extends naturally to tensor bundles over M.

Before proving that the covariant derivative along a curve exists and is unique, let us recall how
the pullback connection is characterized. By proposition 2.5, there is a unique connection y*V on the
pullback bundle y*E that satisfies

' x(soy) =¥ (Vayx)s)
for all X € X(I) and s € I['(E). We will use this fact in the proof below.

Theorem 4.2. The definition of the covariant derivative along a curve is well-defined, i.e., there exists a
unique operator % satisfying properties (i) and (ii).

Proof. On the 1-dimensional manifold /, there is a canonical nowhere-vanishing vector field d;. Define
the covariant derivative along y by

D . . Ds s
7 I'y'E) — T'(y"E), i ¥*V)a,s,
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where y*V is the pullback connection.

Since y*V is a connection, this operator is R-linear and satisfies the Leibniz rule. Concretely, for any
feC®)and s € I'(y*E), we have

D d )
U~ 99 = L+ 1y Vs =

df
s
dt

Ds
+ f—.
f dt
so property (i) holds.

For property (ii), take o € I'(E) and consider the section along y given by s(¢) = o) = 0 o y. Using
the defining property of the pullback connection with X = g, and dy(9;) = (), we get

Ds

- = (Y Vo, (0 0y) = v (Vi0),

and evaluating at ¢ yields

Ds

E(t) = V5000,
which is property (ii).

For uniqueness, let sz and % be two R-linear operators satisfying properties (i) and (ii). By property
(ii), both operators agree with (y*V)s, on sections of the form o~ o y. By property (i) and R-linearity, they
then extend uniquely to all sections of y*E, because such sections are generated as a C*°(/)-module by
sections of the form o o y.

Since (y*V)y, is uniquely determined, any R-linear operator satisfying (i) and (ii) must coincide with
it. This proves uniqueness. O

4.1 Properties of the Covariant Derivative along a Curve

Like the usual derivative, the covariant derivative along a curve satisfies a chain rule with respect to
reparametrizations of the curve, or more generally, smooth maps between intervals.

Proposition 4.3. Lety : [ - M be a smooth curve, and let ¢ : J — I be a smooth map between
intervals. For any section s € I'(y*E), we have

e (B2 )

Remark . Note that the covariant derivative on the left-hand side is taken along the curve yo ¢ : J — M,
and the one on the right-hand side is taken along the curve y : I — M.

Proof. By the definition of the covariant derivative along a curve using the pullback connection, we

have D( )
D0 = (0 9 Va5 09)

= (¢ (y'V))s,(s 0 @)

= ¢ (Y Vagays)

= ¢*((7*V)¢(z)al s)

= p(O)P"((Y*'V)5,5)

. Ds

=40 (= 2 9) 0.

which establishes the desired chain rule. m]
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It also satisfies a product rule when applied to tensor fields along the curve.

Proposition 4.4. Let V be an affine connection on M, and let T be a (0, s)-tensor field on M. For any
smooth curve y : I — M and vector fields X1, ..., X, along vy, we have

d S
2T (X1, X0 = (BX1 ., Xo) + Z T(X1,....V3Xir.... X,).
v i=1

Remark . Here we use the notation V; to denote the covariant derivative along the curve .

Proof. Rewrite the equation to be proved in terms of the rigorous pullback notation:
S
(T (X1,....X5) = ((y'V)y, T)X1,...,Xs) + Z T(X1,...,(¥" Vg Xi, ..., Xs).
i=1

But this is exactly the definition of how the pullback connection y*V acts on tensor fields along y.
Therefore, the proposition follows directly. |

4.2 Local Expression for Covariant Derivative along a Curve

Before stating the local formula, we introduce the notation. Let (U, x', ..., x") be alocal chart on M, and
write

YO =@, @), Y =Aoye UG
Choose a local frame {ey, ..., e,} of E over U. Any section s along y can then be written uniquely as

r

s =) s ey, s e U,

J=1

The connection is given in this frame by
b
Vaej= > The, TheC™(U).
k=1

With this notation, we can now state the local expression for the covariant derivative along a curve.

Proposition 4.5. The covariant derivative of s along vy is given in local coordinates by

Ds | ds* 2y < . .
— 0= | =0+ ) > Thhay 050 | et

k=1 i=1 j=1
forallt € y~\(U).
Remark . In matrix form, if s(¢) is represented by the column vector s(t) = (s'(@),...,s" )T and A(7) is
the matrix with entries A']‘.(t) =2 Fi.‘jl,,(,))'/i (1), then the covariant derivative can be expressed as
Ds ds
— = — + As.
dt dt

Under a change of local frame, the matrix A transforms according to the gauge transformation law for
connections, i.e.,
dP
dt’
where P(?) is the transition matrix between the two frames along v, i.e., e;.ly(,) = P(ejlyq)-

A =P AP+ P
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Proof. Using the definition of the covariant derivative along y and the local expression for the connection,
we have

D
7;9(:) = (¥*V),s(2)

="V, [Z s(ne jm)]

J=1

= Z (t)ejly(z) + Z s O V)a,e5l0)-

Jj=1

Next, we compute (y*V)g,ejl, . By the definition of the pullback connection,
n .
@ Vaeiln = Vswehn = D 7 OVae o = Z [Z Tl () (r)) exy)
i=1

where we used the local expression for Ve ;. Combining these, we find

D
0= Z —(r) + Z Z IRHOT0Y % (r)sfu)] exhy)

Jj=1 i=1

This completes the proof. O

S Parallel Transport

With the notion of covariant derivative along a curve established, we can now introduce the notion of
parallel transport along curves.

Definition 5.1. Given a smooth curve y : I — M a section s € ['(y*E) is called parallel along 7y if
its covariant derivative vanishes identically, i.e., E =0.

Lemma 5.2. The property of being parallel along a curve is intrinsic, i.e., it does not depend on the
choice of parametrization of the curve.

Proof. Lety : I — M be a smooth curve, and let ¢ : J — [ be reparametrization. Consider the
reparametrized curve y = yo ¢ : J —» M.

Let s € T'(y*E) be a section along vy, and consider the corresponding section along ¥ given by
§ = so¢ e'(¥E). Using the chain rule for covariant derivatives along curves, we have

D3 (Ds ¢) do

dt dt dt’
Thus, 2 E = 0 if and only 1f = 0. Therefore, the property of being parallel is independent of the
parametrization of the curve. O

Theorem 5.3. Given eg € E,,) for some ty € I, there exists a unique parallel section s € I'(y*E) along
v such that s(ty) = e.

Proof. For uniqueness, let s, s” € I'(y*E) be parallel along y with s(zp) = s'(¢y), and set u = s — §’.
Then V;u = 0 and u(tp) = 0. Choose a Riemannian metric -, -) on y*E, and consider the smooth function

J@) = u), u(0)y).-
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Its derivative is
@ = 2(Vyu(t), u(®))yq) =0,
so f is constant on /. Since f(ty) = (u(to), u(to))yy) = 0, we get f = 0, hence u = 0. Thus s = s’.

Now, to show existence, it suffices to prove it locally, since being parallel is an intrindic property and
we just proved that this property determines the section uniquely.

In local coordinates (x!, ..., x") and a local frame {ej, . .., e,} of E, a section along y can be written as

r

NOEDIEUOYTN

j=1
The parallel transport equation Vs = 0 then takes the form of a linear system of ODEs
$(r) + A(1)s(r) = 0, s(to) = o0,

where A(¢) is the smooth r X r matrix with entries A'j‘.(t) =2 I“i.‘j(y(t)))'/i(t), and sg 1s the coordinate
vector of ¢q in the chosen frame.

By the standard existence and uniqueness theorem for such differential system, there exists a unique
solution s(¢) defined on some interval containing 7. By covering the interval I with such local solutions
and using uniqueness to glue them together, we obtain a global parallel section along y satisfying the
initial condition. This completes the proof. O

This theorem allows us to define the parallel transport map along a curve.

Definition 5.4. Given a smooth curve y : [a, b] — M, the parallel transport map from y(a) to y(b)
along vy is the map
Py 1 Ey@) = Eyp), e+ s(b),

where s € ['(y*E) is the unique parallel section along y with initial condition s(a) = e.

Note that the parallel transport map can be defined for piecewise smooth curves by applying the above
definition on each smooth segment and composing the resulting maps, i.e., if y : [a, b] — M is piecewise
smooth with breakpoints a = o < t; < --- <ty = b, then

..oP

PV = P7|[zk,l,zkj o Yieg.y1°

Remark . The parallel transport map P, has the following properties:

(1) Itis independent of the choice of parametrization of the curve y; thus, we will suppose that it is
parametrized by [0, 1] from now on.

(i) Itis a linear isomorphism between the fibers E,(,) and E, ).
(iii) If y is a constant curve at a point p € M, then P, is the identity map on E,,.

(iv) Ify; : [0,1] = M and y» : [0, 1] — M are two piecewise smooth curves such that y;(1) = y,(0),
then the parallel transport along the concatenated curve y; * y; satisfies

Pysy, = Py, 0 Py,

6 Holonomy of a Connection

With the notion of parallel transport in place, we can now define the holonomy group associated with a
connection on a vector bundle.
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Definition 6.1. The holonomy group of V at a point p € M, denoted Hol,(V), is the subgroup of
GL(E)) defined by

Hol,(V) ={P, : E, = E, |y :[0,1] — M is a piecewise smooth loop based at p}.

Lemma 6.2. The holonomy group Hol,(V) is indeed a subgroup of GL(E ).

Proof. The fact that Hol,(V) is a subgroup follows from the properties of parallel transport established
earlier. Specifically, the identity element of Hol,(V) corresponds to the constant loop at p, which yields
the identity map on E),. The composition property of parallel transport along concatenated loops ensures
closure under composition, and the existence of inverses is guaranteed by considering the reverse loop. O

Lemma 6.3. For any two path-connected points p,q € M, the holonomy groups Hol,(V) and Hol,(V)
are conjugate subgroups of GL(E,) and GL(E,), respectively. More precisely, if y : [0,1] — M is a
piecewise smooth curve from p to g, then

Holy(V) = P, Hol,,(V) P, .

Remark . Normally, two subgroups are called conjugate when they lie in the same group. When the
subgroups lie in different groups, H < GL(V) and K < GL(W), we say that they are conjugate if there
exists a linear isomorphism f : V — W such that

K:foHof_l.

Here, we are using the parallel transport map P, : E, — E, as the isomorphism.

Proof. It suffices to show the inclusion Hol,(V) € P, Holp(V)P‘l, as the reverse inclusion follows by
considering the reverse curve y from g to p (since Py = P;l) and applying the same argument.

Thus, we need to show that for any 4 € Hol,(V), the element P, o h o P, lies in Hol, (V). Since A is
an element of the holonomy group at p, it can be represented as P, for some piecewise smooth loop
vo : [0,1] — M based at p. By considering the concatenated loops ¥ * g * v, we obtain a piecewise
smooth loop based at g. The parallel transport along this loop is an element of Hol,(V), and is given by

Pjuypry = Pyo Pyyo Py =PyohoP,.

This shows the desired inclusion. O

7 Riemannian Holonomy

Given a Riemannian metric g on M, there is a natural connection on the tangent bundle 7'M, called
Levi-Civita connection, which is torsion-free and metric-compatible, and it is the unique one satisfying
this. Using it, we define the holonomy of a Riemannian manifold.

Definition 7.1. The Riemannian holonomy group of g at a point p € M is defined as
Hol,,(g) = Hol,(V),

where V is the Levi-Civita connection on the tangent bundle 7M.
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Proposition 7.2. For each p € M, the Riemannian holonomy group satisfies
Hol () € O(TpM, gp),

that is, every parallel transport map P, along a loop vy based at p is an isometry of (T,M, g,,).
If moreover M is orientable, then

Hol,(g) S SO(T,M, g,),

so the parallel transports P, preserve orientation.

Proof. Lety : [0,1] — M be a piecewise smooth loop with y(0) = y(1) = p. Givenv,w € T,M,
extend them to vector fields V, W along y which are parallel, i.e. V5V = VyW = 0, and satisfy V(0) = v,
W(0) = w. Using metric-compatibility of the Levi-Civita connection, we compute the derivative (see
proposition 4.4)

d
d—tg(V, W) = (Vy@)(V. W) + g(V; V. W) + g(V, V; W) = 0.
Hence, t — g(V(¢), W(?)) is constant, so
gp(v,w) = &) (V(1), W(1)) = g,(Pyv, Pyw).

This shows that P, preserves the inner product g, so P, € O(T,M, g,).

Now, if M is orientable, we can choose an orientation on M and consider the associated Riemannian
volume form w € Q"(M). Since the Levi-Civita connection is compatible with the metric, it also preserves
the volume form, i.e., Vw = 0 (see lemma 3.7). Given a positively oriented orthonormal basis ey, ..., e,
of T,M, we have w,(ei,...,e,) = 1. Extend these vectors to parallel vector fields Ey,. .., E, along y
with E;(0) = e;. Using a similar argument as above, we compute

d n
T Ey) = (Vo) (Er . Ey) + ;w(El, o V3Ei,...,Ep) =0,

so that t — w(E(t),. .., E,(¢)) is constant. Evaluating at r = 0 and ¢ = 1, we find
wpler,...,ey) = wp(Pyey, ..., Pyey).

This implies that det(P,) = 1, so P, € SO(T,M, g,,). This completes the proof. m|
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