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Preliminaries on Smooth Vector Bundles

Recall basic operations on smooth vector bundles:
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Recall basic operations on smooth vector bundles:
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Tensor Product of Bundles

Let E — M and F' — M be smooth vector bundles.
Definition
The tensor product bundle E ® F' is defined by:

EQF= || (B®F)
peEM
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Tensor Product of Bundles

Let E — M and F' — M be smooth vector bundles.
Definition
The tensor product bundle E ® F' is defined by:

EQF= || (B®F)
peEM

There is a C°°(M)-module isomorphism of sections:
(E) @cooan) T(F) 2 T(E @ F)
given by
5@t (p— sy ®tp)

3/42



Pullback Bundle

Let f : N — M be a smooth map and £ — M a smooth vector bundle.
Definition
The pullback bundle f*E — N is defined by:

FE= ] Epy

geEN
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N
Pullback Bundle

Let f : N — M be a smooth map and £ — M a smooth vector bundle.

Definition
The pullback bundle f*E — N is defined by:
FE= ] Epy
qeEN

There is a C°°(M)-module isomorphism of sections:

C®(N) @ceoary N(E) 2 T(f*E)

given by
g&s—g-(sof)
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Tensor Bundles and Tensor Fields

Let M be a smooth manifold.
Definition
Tensor bundle of type (r, s):

T M = (TM)®" ® (T*M)®*

Sections are called tensor fields of type (r,s)
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Tensor Bundles and Tensor Fields

Let M be a smooth manifold.
Definition
Tensor bundle of type (r, s):

T M = (TM)®" ® (T*M)®*

Sections are called tensor fields of type (r,s)

@ More generally: 7 M ® E for a vector bundle E
@ Sections: I'(7) M ® E) are E-valued tensor fields of type (7, s)
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Local Expressions and Transformation Law

o Locally: TeI(TJM ® E):
Tl = lell;:a 0, ® R0, @dr" ®--- @ dr’* @ eq

where (%) are local coordinates and (e,) a local frame of E over U
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Local Expressions and Transformation Law

o Locally: T eI'(Ty M ® E):

Tl = lell;:a 0, ® R0, @dr" ®--- @ dr’* @ eq

where (%) are local coordinates and (e,) a local frame of E over U

@ Transformation under coordinates/frames:

T’il...ir,a _ a'ril L. 8337;'r ajll L. ajls a Nkl...khﬁ
ds T gkt ke gadt | 9ds I8 s

where g are the transition functions of E
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Tensor Fields as Multilinear Maps

Theorem (Multilinear Correspondence)

I(TJ M ® E) = Multcee ) (2 (M) x X(M)*,T(E))
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Tensor Fields as Multilinear Maps

Theorem (Multilinear Correspondence)

I(TJ M ® E) = Multcee ) (2 (M) x X(M)*,T(E))

Concretely, for T e T'(T; M ® E):

T.{ QY M) x X(M)* — T(E)
| W

WXL X)) e (0 Tp(wy,s s wh, X, Xslp)
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Connections on Smooth Vector
Bundles
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Definition of a Connection

Definition

A connection (or covariant derivative) on E — M is a R-linear map
V:I'(E) - T(T"M ® E)
satisfying the Leibniz rule: for all f € C*°(M) and s € I'(E),

V(fs)=df ® s+ fVs
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Equivalent Definition of a Connection

By the multilinear correspondence, a connection can be viewed as a map
V:X(M)xI'(E) - T(E), (X,s)— Vxs:=(Vs)(X).

satisfying:
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Equivalent Definition of a Connection

By the multilinear correspondence, a connection can be viewed as a map
V:X(M)xI'(E) - T(E), (X,s)— Vxs:=(Vs)(X).

satisfying:for all X,Y € X(M), s,t € I'(E), and f € C®°(M):
@ Vixiys=fVxs+Vys
@ Vx(8+t):VXS+th
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Equivalent Definition of a Connection

By the multilinear correspondence, a connection can be viewed as a map
V:X(M)xI'(E) - T(E), (X,s)— Vxs:=(Vs)(X).

satisfying:for all X,Y € X(M), s,t € I'(E), and f € C®°(M):
@ Vixiys=fVxs+Vys
@ Vx(s+t)=Vxs+Vxt
Q@ Vx(fs)=X(f)s+fVxs
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Locality of Connections

Lemma

If s1|ly = sa2|u on an open set U C M, then

(Vsi)lv = (Vs2)|u.

11/42



Locality of Connections

Lemma

If s1|ly = sa2|u on an open set U C M, then

(Vsi)lv = (Vs2)|u.

Idea of proof:
@ Use bump functions to localize sections

@ Leibniz rule ensures vanishing outside support implies vanishing of Vs
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Tensoriality of Connections

Lemma
For X1, Xy € X(M) with Xﬂp = X2|p, and s € T'(E):

(Vxi8)p = (Vx,8)p
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Tensoriality of Connections

Lemma
For X1, Xy € X(M) with X1]p = X2|p, and s € T'(E):

(Vxi8)p = (Vx,8)p

Proof: Suffices to show that if X|, =0, then (Vxs), = 0.
o VseI'(T"M ® E), so (Vs), : T,M — E, is linear
e Thus if X|, =0,

(Vxs)p = (Vs)p(Xp) = (Vs)p(0) =0

Consequences:
@ Value of Vxs at p depends only on X, € T,M
@ We then write Vx s := (Vxs),
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Local Expression of a Connection (Christoffel Symbols)

Let (e1,...,ex) be alocal frame on U C M with coordinates (x!,...,z").
Definition

Christoffel symbols I‘fj € C*™(U) are defined by

Ve; = Ffj dz' @ ey,

or equivalently,

k
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Pullback Connection

Let f: N — M be smooth, and V a connection on E — M.
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Pullback Connection

Let f: N — M be smooth, and V a connection on E — M.

Theorem

There exists a unique connection f*V on f*E — N such that

(f*V)x(sof) = f(Vax)s), X e€X(N),seT(E).
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Pullback Connection

Let f: N — M be smooth, and V a connection on E — M.

Theorem

There exists a unique connection f*V on f*E — N such that

(f*V)X(S o f) = f*(Vdf(X)s), X e %(N),S S F(E)
Moreover, for any g : P — N,

(fog)'V=g"(f"V).
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Pullback Connection

Let f: N — M be smooth, and V a connection on E — M.
Theorem

There exists a unique connection f*V on f*E — N such that
(f*V)X(S o f) = f*(Vdf(X)s), X e %(N),S S F(E)

Moreover, for any g : P — N,

(fog)'V=g"(f"V).

Notation:

(S Varxys)p = (Va,1x,)8) 1) € Ep) = (ST E)p
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Pullback Connection

Idea of Proof:
@ Use the isomorphism T'(f*E) = C*°(N) ®@¢ee(ary ['(E)
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e For each X € X(NN), define a R-linear map

given on simple tensors by

Dx(h®s)=X(h)®s+h®Vgx)s.
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Pullback Connection

Idea of Proof:
@ Use the isomorphism T'(f*E) = C*°(N) ®@¢ee(ary ['(E)
e For each X € X(NN), define a R-linear map

given on simple tensors by

Dx(h®s)=X(h)®s+h®Vgx)s.

@ Thus, define the R-linear map (f*V)x : I'(f*E) — I'(f*E) by
(f*V)x =®oDxod !

@ One checks that (f*V)x satisfies the Leibniz rule, hence defines a
connection on f*F.

@ Uniqueness follows from the defining property.
15/ 42



Affine Connections on Manifolds

Let M be a smooth manifold.
Definition
An affine connection on M is a connection on the tangent bundle T'M:

Vi X(M) x X(M) = X(M), (X,Y)— VyY.
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Extension to Tensor Bundles

Lemma

Any affine connection V on T'M extends uniquely to a connection on all
tensor bundles T, M such that:
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Extension to Tensor Bundles

Lemma

Any affine connection V on T'M extends uniquely to a connection on all
tensor bundles T, M such that:

@ Compatibility with pairing: for w € QY (M) and Y € X(M),

X(w,Y)=(Vxw,Y)+ (w,VxY)

@ Leibniz rule: for all T € I'(T,* M) and S € T'(T,2 M),

Vx(T®S)=(VxT)@S+T® (VxS)

Idea of construction:

@ Define V on 1-forms using compatibility with vector fields.

o Extend to general tensors by using decomposition into simple tensors
and applying Leibniz rule.
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Explicit Formula for the Extension

For T' € I'(7] M), the covariant derivative is given by

(VxT)(wh, ..., 0" Y1,...,Ys)
= X(T(w, ..., 0", Y1,...,Y5)

.

+> T(w',...,Vxw',..., 0" Y1,...,Y)
=1
1/5

=3 T ... WY1, VY, LY,
j=1

for all w!,... ,w" € QY(M) and Y1,...,Ys € X(M).
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Torsion of a Connection

Definition

The torsion tensor T of V is
T(X,Y)=VxY -VyX — [X,Y].

V is torsion-free if T = 0.
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Torsion of a Connection
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The torsion tensor T of V is
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V is torsion-free if T = 0. )
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Torsion of a Connection

Definition

The torsion tensor T of V is
T(X,Y)=VxY -VyX — [X,Y].

V is torsion-free if T = 0.

Lemma
T is a (1,2)-tensor and skew-symmetric: T(X,Y) = -T(Y, X)

v

To see this, prove that 7" is a (0, 2)-tensor with values in TM, and use the
multilinear correspondence.
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Curvature of a Connection

Definition

The curvature tensor R of V is
R(X,Y)Z =VxVyZ —-VyVxZ — Vix,y]Z-

Vis flatif R = 0.
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Curvature of a Connection

Definition

The curvature tensor R of V is
R(X,Y)Z =VxVyZ —-VyVxZ — Vix,y]Z-

Vis flatif R = 0.

Lemma

R is a (1,3)-tensor and skew-symmetric in the first two arguments.

v

To see this, prove that R is a (1, 3)-tensor with values in T'M, and use the
multilinear correspondence.
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-
Metric Compatibility

Definition

An affine connection V on a Riemannian manifold (M, g) is metric
compatible if Vg =0
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-
Metric Compatibility

Definition

An affine connection V on a Riemannian manifold (M, g) is metric
compatible if Vg =0, i.e.,

X(g(Y,2)=9(VxY,Z)+9(Y,VxZ), VX,Y,Z e X(M).

More generally, V is compatible with a tensor T" if VI = 0.

Lemma

Metric compatibility implies compatibility with the Riemannian volume
form vol,.

21/42



Levi-Civita Connection

Theorem (Levi-Civita)

For any Riemannian manifold (M, g), there exists a unique affine
connection V that is

@ Torsion-free: T = 0,
o Metric compatible: Vg = 0.

This is called the Levi-Civita connection.
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Levi-Civita Connection

Theorem (Levi-Civita)

For any Riemannian manifold (M, g), there exists a unique affine
connection V that is

@ Torsion-free: T = 0,
o Metric compatible: Vg = 0.

This is called the Levi-Civita connection.

Koszul formula:

oY, 2) = 1 (X(a(¥, 2)) + Y (9(X, 7)) ~ Z(g(X, V)

+9([X,Y],2) - g([X, 2],Y) - g([V, Z], X)).
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Covariant Derivative along a Curve

23/42



Sections along a Curve

Let £ — M be a vector bundle with connection V, and v: I — M a
smooth curve.
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Sections along a Curve

Let £ — M be a vector bundle with connection V, and v: I — M a
smooth curve.

Definition

A section along v is a smooth map

s: I — FE, S(t) S Ev(t)-

Equivalently, s € T'(y*E), the pullback bundle along ~.
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Covariant Derivative along a Curve

Definition
The covariant derivative along v is the unique R-linear operator

D Ds
~Z .I'(~*E) = T(W'E =
o (Y'E) = T(W'E), s~ 5

satisfying:
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Covariant Derivative along a Curve

Definition
The covariant derivative along v is the unique R-linear operator

D Ds
—:T'(y*FE I'(~v*FE —
o TOPE) = T(y'E), s —
satisfying:
@ Leibniz Rule: For all f € C*°(I) and s € ['(y*E),
D(fs) df Ds
i —atta
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Covariant Derivative along a Curve

Definition
The covariant derivative along v is the unique R-linear operator
D Ds
— :T'(¥'E NG —
o TOPE) = T(y'E), s —
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@ Leibniz Rule: For all f € C*°(I) and s € ['(y*E),

D(fs) df Ds
a —at T a

@ Compatibility with V: If s(t) = 0.,(4) for some o € I'(E), then
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Covariant Derivative along a Curve

Definition
The covariant derivative along v is the unique R-linear operator
D Ds
— :T'(¥'E NG —
o TOPE) = T(y'E), s —
satisfying:
@ Leibniz Rule: For all f € C*°(I) and s € ['(y*E),

D(fs) df Ds
a —at T a

@ Compatibility with V: If s(t) = 0.,(4) for some o € I'(E), then

Ds
dt

) = (Vy@)0)yr), foralltel.

Ale~ A ~+~A1 7
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Existence and Uniqueness

Theorem
There exists a unique covariant derivative along  satisfying (i) and (ii). J
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Existence and Uniqueness

Theorem
There exists a unique covariant derivative along  satisfying (i) and (ii). J

Idea of proof:
@ Use the pullback connection v*V on v*E.
@ Define % = (7v*V)g,s.
@ This satisfies Leibniz rule and compatibility by properties of the
pullback connection.

@ Uniqueness follows because sections of the form o o~y generate
[(v*E) over C*(I).
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Chain Rule

Lemma

Let ¢ : J — I be a smooth map. Then
D Ds do
£(30¢) = <dt0¢> I
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Product Rule for Tensors

Suppose V is an affine connection on T'M, extended to tensor bundles.

28/42



Product Rule for Tensors

Suppose V is an affine connection on T'M, extended to tensor bundles.

Lemma
Let T be a (0, s)-tensor field along v with vector fields X1, ..., X, along
~. Then
d S
ET(Xl, LX) = (V) (X, X)) + ) T (X, VX, ., X).
i=1
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Product Rule for Tensors

Suppose V is an affine connection on T'M, extended to tensor bundles.

Lemma

Let T be a (0, s)-tensor field along v with vector fields X1, ..., X, along
~. Then

d S
aT(Xl, LX) = (V) (X, X)) + ) T (X, VX, ., X).
i=1

Proof: Rewrite the equation:
((V*V)BtT)(le R aXS)

=0(T(X1,.... X)) = Y T(X1,....,(v"' V), Xs, ..., Xy).
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Local Expression for Covariant Derivative

Let (U,z',...,2") be a chart on M and (eq,...,e,;) a local frame of E.
T T
S(t) = Z s (t)€j|'y(t)7 vﬁiej = Z Ff]ek’
j=1 k=1

where I‘fj are the connection coefficients.
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Local Expression for Covariant Derivative

Let (U,z',...,2") be a chart on M and (eq,...,e,;) a local frame of E.
T T
S(t) = Z s (t)€j|'y(t)7 vﬁiej = Z Ff]ek’
j=1 k=1

where I‘fj are the connection coefficients.

Lemma

In local coordinates, the covariant derivative of s along ~y is

Ds " [ ds* N T
Doy =3 () + 3 ST 050 | exlo.

i=1j=1

Matrix form: If s(¢) is view as a column vector,
Ds ds
dr  dt

where A(t) has entries Af(t) =>", I‘fjlv(twi(t).

+ As,
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Parallel Transport
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Parallel Sections

Definition

A section s € I'(v*E) along a smooth curve v : I — M is called parallel if

Ds

— =0.
dt
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Parallel Sections

Definition
A section s € I'(v*E) along a smooth curve v : I — M is called parallel if

Ds

— =0.
dt

Lemma
Being parallel is intrinsic: it does not depend on the parametrization of ~y.

Proof: Consider a reparametrized curve 4 =y o ¢ with ¢ : J — I, and
define § = so ¢ € I'(¥*E). Using the chain rule:

D3 <Ds > dé
i e
dt dt dt

so vanishing is equivalent.
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Existence and Uniqueness of Parallel Sections

Theorem
Given eg € E. ), there exists a unique parallel section s € T'(y*E) with
s(to) = ep.
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Existence and Uniqueness of Parallel Sections

Theorem
Given eg € E. ), there exists a unique parallel section s € T'(y*E) with
s(to) = ep.

Idea of proof: Locally, write s(t) = >_; s/(t)e; in a frame.The equation

% = 0 becomes a linear ODE system
5(t) + At)s(t) =0, s(to) = so,

with smooth matrix A(t).Standard ODE theory guarantees a unique local
solution. Glue local solutions using uniqueness.
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Parallel Transport Map

Definition
For a smooth curve v : [a,b] — M, the parallel transport map is
P,y : E'y(a) — E’y(b)a € S(b),

where s is the unique parallel section with s(a) = e.
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-
Parallel Transport Map

Definition

For a smooth curve v : [a,b] — M, the parallel transport map is
P,y : E'y(a) — E’y(b)v € S(b),

where s is the unique parallel section with s(a) = e.

Remark: For piecewise smooth curves, compose the parallel transports
along each smooth segment:

P =P

o---0oP. .
7‘[tk71,tk] ’Y\[to,tl]
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Properties of Parallel Transport

Let Py : E, ) — E, ) denote parallel transport along a curve 7:
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Properties of Parallel Transport

Let Py : E, ) — E, ) denote parallel transport along a curve 7:
Independent of the parametrization of ~.
Linear isomorphism between fibers: P, € GL(E, 4, Ey))-

For constant curves p € M, P, =idg,.

6 e € e

For concatenated curves 71 * 2 with v1(1) = ~42(0):

}?72*71 = ]?72 0 }?71'

34/42



Holonomy of a Connection
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Holonomy Group

Definition
The holonomy group of a connection V at p € M is

Hol,(V) ={P, : E, — E, | 7y is a piecewise smooth loop based at p}.
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Holonomy Groups at Different Points

Lemma
For path-connected p,q € M and any curve v from p to q:

Holy (V) = P, Hol,(V) P} .
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Lemma

For path-connected p,q € M and any curve v from p to q:

Holy (V) = P, Hol,(V) P} .

Proof: Let h € Hol,(V), represented as P,, for a loop v at p. Consider
the concatenated loop 7 * g * v at q.
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Holonomy Groups at Different Points

Lemma

For path-connected p,q € M and any curve v from p to q:

Holy (V) = P, Hol,(V) P} .

Proof: Let h € Hol,(V), represented as P, for a loop 7o at p. Consider
the concatenated loop 7 * g * v at ¢g. Then

Pyungsy = Pyo Py o Py =P oho P! € Holg(V),

which shows the inclusion C. The reverse inclusion follows similarly.
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Riemannian Holonomy Group

Definition

For a Riemannian metric g on M, the Riemannian holonomy group at
peMis

Hol,(g) = Hol,(V),

where V is the Levi-Civita connection on T'M.
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Riemannian Holonomy Group

Definition

For a Riemannian metric g on M, the Riemannian holonomy group at
peMis

Hol,(g) = Hol,(V),

where V is the Levi-Civita connection on T'M.

Theorem
For any p € M,

Hol,(g) € O(T,M, gp).
If M is orientable:

Hol,(g) € SO(T,M, gp).
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Proof: Metric Preservation

Let v: [0,1] — M be a loop at p.
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Proof: Metric Preservation

Let v : [0,1] — M be a loop at p.For v,w € T, M, extend to parallel
vector fields V, W along ~:

VﬁV = VWW = O, V(O) =, W(O) =w.
Using the product rule and metric compatibility:

SoVIV) = (V39) (VW) + (V3 V) + (V, 950) =0,
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Proof: Metric Preservation

Let v : [0,1] — M be a loop at p.For v,w € T, M, extend to parallel
vector fields V, W along ~:

VﬁV = VWW = O, V(O) =, W(O) =w.

Using the product rule and metric compatibility:

d
IV W) = (Vig)(V.W) + g(V5V, W) + g(V, V5 W) = 0.
Hence t — g(V(t), W (t)) is constant, so

gp(v,w) = gp(Pyv, va)'
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Proof: Orientation Preservation (if M/ orientable)

Let w be the Riemannian volume form.
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Proof: Orientation Preservation (if M orientable)

Let w be the Riemannian volume form.Choose a basis ey, ..., e, of T,M,
extend to parallel fields Fy, ..., E, along v:

V'yEZ' = O, El(O) = €;.
Using the product rule and compatibility with w:

d
%W(El, . By) = (Vsw)(EBy, ..., E Z (Er,...,VsEi, ..., E,) =0.

Thus t — w(E1(t),..., E,(t)) is constant. Evaluating at ¢t =0, 1:

wp(et,...,en) =wp(Pyer,..., Pye,) = det(P,) = 1.
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Berger's Classification

Theorem (Berger's Classification)

Suppose M is a simply connected, orientable manifold of dimension n with
an irreducible, non-symmetric Riemannian metric g.
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Berger's Classification

Theorem (Berger's Classification)

Suppose M is a simply connected, orientable manifold of dimension n with
an irreducible, non-symmetric Riemannian metric g. Then the possible
holonomy groups Hol,,(g) C SO(n) are:

SO(n) (generic case)

U(m), n=2m >4 (Kéhler)

SU(m), n =2m >4 (Calabi-Yau)

Sp(m), n = 4m > 4 (Hyperkahler)

Sp(m) - Sp(1), n = 4m > 4 (Quaternionic Kahler)
Go,n=1T7

Spin(7), n =38
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Questions?
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